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Abstract. For a continuous self-map T of a compact metrizable space with 
finite topological entropy, the order of accumulation of entropy of T is a count- 
able ordinal that arises in the theory of entropy structure and symbolic ex- 
tensions. Given any compact manifold M and any countable ordinal a, we 
construct a continuous, surjective self-map of M having order of accumulation 
of entropy a. If the dimension of A4 is at least 2, then the map can be chosen 
to be a homeomorphism. 
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1. Introduction 

For the purposes of this work, a topological dynamical system consists of a pair 
{X, T), where X is a compact metrizable space and T is a continuous surjection of 
X to itself. For such a system {X,T), the topological entropy htop(T) provides a 
well-studied measure of the topological dynamical complexity of the system. We 
only consider systems with htop(T) < oo. Let M{X,T) be the space of Borel 
probability measures on X that are invariant under T. The entropy function h : 
M{X,T) — > [0,cxd), where h{^) is the metric entropy of the measure ^, quantifies 
the amount of complexity in the system that lies on generic points for each measure 
ji in M{X^T). In this sense, the entropy function h describes both where and how 
much complexity lies in the system. The theory of entropy structure developed by 
Downarowicz [12] produces a master entropy invariant in the form of a distinguished 

1 



2 



KEVIN MCGOFF 



class of sequences of functions on M{X, T) whose limit is h. The entropy structure 
of a dynamical system completely determines almost all previously known entropy 
invariants {e.g. the topological entropy, the entropy function on invariant measures, 
the tail entropy or topological conditional entropy |17| . the symbolic extension 
entropy function) and, in fact, produces new invariants. Furthermore, the theory 
of entropy structure and symbolic extensions provides a rigorous description of how 
entropy emerges on refining scales. Entropy structure has attracted interest in the 
dynamical systems literature [U [SI [71 [TTJ [T^l [131 [H] , especially with the intention 
of understanding the symbolic extensions of various classes of smooth dynamical 
systems. 

The purpose of the current work is to investigate a new entropy invariant arising 
from the theory of entropy structure and symbolic extensions: the order of accu- 
mulation of entropy, which is a countable ordinal associated to the system {X, T) , 
denoted q;o(X, T) or just aQ{T). The order of accumulation of entropy of the sys- 
tem is an invariant of topological conjugacy that measures, roughly speaking, over 
how many distinct "layers " residual entropy emerges jl2j . It is shown in [9] , using a 
realization theorem of Downarowicz and Serafin [l2l [E] , that all countable ordinals 
appear as the order of accumulation for a minimal homeomorphism of the Cantor 
set. If follows from work of Buzzi [TU] that if / is a C°° self-map of a compact 
manifold, then ao{f) = (see Theorem 7.8 in [S]). Our main result, which is con- 
tained in Theorem l7.31 states that if M is a compact manifold and a is a countable 
ordinal, then there exists a continuous surjection / : M — > Af such that ao{f) = a. 
Furthermore, if dim(i\/) > 2, then / can be chosen to be a homeomorphism. The 
proof of this theorem gives a much more concrete construction of dynamical sys- 
tems with prescribed order of accumulation than the proofs in [Sj, which rely on a 
realization theorem of Downarowicz and Serafin. 

The paper is organized as follows. In Section [21 we recall the basic notions 
and facts in the theory of entropy structures and symbolic extensions. Section [3] 
contains some lemmas regarding the behavior of several entropy invariants under 
certain suspensions and extensions. The proof of the main result involves induc- 
tively "blowing up" periodic points and "sewing in" more complicated dynamical 
behavior. The operation of "blowing up" periodic points and "sewing in" more 
complicated dynamics is carried out in Section [H where we need only work in di- 
mensions 1 and 2. Section[5]contains some technical lemmas in which the transfinite 
sequence is computed for some some specific instances of maps resulting from the 
blow-and-sew construction. The transfinite induction scheme is executed in Section 
[6l and proofs of the main results arc then given in Section [71 

2. Background 

We assume some basic familiarity with ordinals (see, for instance, [20]) and 
metrizable Choquet simplices (see jl9j). but in this section we present the definitions 
and facts required for the following sections. We will denote by N the set of positive 
integers. 

Definition 2.1. In this work, a dynamical system consists of a pair {X,T), where 
X is a compact metrizable space and T : X ^ X is a continuous surjection. 

Furthermore, we assume that the topological entropy of T is finite, iitop(r) < oo. 
For references on the ergodic theory of such topological dynamical systems, see 

[IHlllT]. 
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2.1. Choquet simplices and M{X,T). Let K he a. compact, convex subset of 
a locally convex topological vector space. Let M{K) be the space of all Borel 
probability measures on K with the weak* topology. The barycenter map, bar : 
A4{K) K, is defined as follows: for /i in M{K), let bar(/i) be the unique point 
in K such that for each continuous afRnc function f : K ^ E. 

/(bar(/i)) - / fdfi. 
Jk 

The barycenter map itself is continuous and affine. 

Definition 2.2 ([2] p. 69). Let K he a metrizable, compact, convex subset of a 
locally convex topological vector space. Then if is a metrizable Choquet simplex 
if the dual of the continuous affine functions on K is a lattice. 

We only need Choquet 's characterization of metrizable Choquet simplices (see 
[l9]): a metrizable, compact, convex subset of a locally convex topological vector 
space is a metrizable Choquet simplex if and only if for each point x in K, there 
exists a unique measure Vx in A4{K) such that Vx{K\ex{K)) = and har{Vx) = x. 

Suppose K is a metrizable Choquet simplex. A Borel measurable function / : 
if — > R is called harmonic if, for each x in K and each Q in M{K) with bar(Q) = 
a;, we have 




Using that Vx is the unique measure supported on the extreme points of K with 
barycenter x, one may check that / is harmonic if and only if f{x) = J f dPx for 
each X in K. If / is a real- valued function defined on the extreme points of K, then 
we define the harmonic extension of / to be the function f^^'^ : if — > R given 
for a; in if by /'^^' (x) = J fdPx- We also define / : if ^ R to be supharmonic 
if, for each x in if and each Q in A^(if) such that bar(Q) = a;, it holds that 
fix)>JfdQ. 

For a dynamical system {X,T), we write M{X,T) to denote the space of Borel 
probability measures on X that are invariant under T. We give M{X,T) the 
weak* topology. It is well known that in this setting M{X,T) is a metrizable, 
compact, convex subset of a locally convex topological vector space (see, for exam- 
ple, [Illlllj). The extreme points of M{X,T) are exactly the ergodic measures, 
Mcig{X,T). Also, the statement that each invariant measure n in M{X,T) has a 
unique ergodic decomposition [T^ [TH] impHes that M{X,T) is a metrizable Cho- 
quet simplex (using Choquet's characterization). In other words, we have that for 
each fi in M{X,T), there exists a unique measure in M{M{X,T)) such that 
P^(M(X,r) \ Aierg(X,r)) = and bar(7'^) = ^l. 

2.2. Dynamical systems notations. We need some notation. 

Notation 2.3. Let (X, T) he a dynamical system. 

• Let A be a Borel measurable subset of X. We make the convention that 
M{A, T) = {ii€ M{X, T) : ii{X \A)= 0}. 

• Let NW(r) denote the non- wandering set for (X, T). 

• A measure ^ in M{X,T) as totally ergodic if /i is ergodic for the system 
(X,r"), for all n G N. 
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• If ^? = {xo, . . . , a;„_i} is a T-periodic orbit, then we let denote the 
periodic measure X]fc=o i where 6x is the point mass concentrated at 
the point x. 

• Let h : M{X,T) — > [0, oo) be the function that assigns to each measure 
in M(X,T) its metric entropy with respect to the system {X,T). When 
we wish to emphasize the dependence of h on the system (X, T), we write 

. Also, if ^ is a Borcl partition of X, then we denote by h^{ii,A) the 
entropy of the partition A with respect to the measure-preserving system 

• If /i is a Borcl probability measure on the space X, then supp(//) is the 
intersection of all the closed sets C in X such that /i(C) = 1. 

Recall that if ^j. is in M{X, T), then supp(^) C NW(r). 

Definition 2.4 ([3]). Let T be a continuous self-map of the compact metric space 
X. Let e > 0, X e X, and <^e{x) = {y € X : d(T"x,T"y) < e for aU n}. If there 
exists e > such that the entropy of T on the set ^e{x) is for all x G X, then 
{X, T) is /i-cxpansive. 

2.3. Upper semi-continuity. If E' is a compact metrizablc space and f : E ^ R, 
then we denote by ||/|| the suprcmum norm of /. For x in E, wc define 

limsup/(2/) = max(/(x), sup{limsup/(a;„) : {a;„}„ C E \ {.T},limx„ = x}y 

Definition 2.5. Let E he a. compact metrizable space, and let / : i? ^ M. Then 
/ is upper semi-continuous (u.s.c.) if one of the following equivalent conditions 
holds for all x in £', 

(1) / = infct ga for some family {ga}a of continuous functions; 

(2) / = lim„ g„ for some nonincrcasing sequence {gn)neN of continuous func- 
tions; 

(3) For each r e M, the set {x : /(x) > r} is closed; 

(4) limsupy^^ f{y) < /(x), for all x £ E. 

For any f : E ^ M., the upper semi-continuous envelope of /, written /, is 
defined by letting / = oo if / is unbounded, and otherwise 

/(x) = inf{g(x) ; g is continuous, and g > /}, for all x in E. 

Note that / is the smallest u.s.c. function greater than / and satisfies 

/(x) = limsup/(y). 

It is immediately seen that for any f,g : E — ^ R, f + g < f + g, with equality 
holding if / or g is continuous. We remark that if / : — > [0, oo) is bounded 
and u.s.c, then / achieves its supremum. Also, if X is a Choquet simplex and 
/ : A" K is concave and u.s.c, then / is supharmonic. 

2.4. Entropy structure and symbolic extensions. 

Definition 2.6. Let M be a compact metrizablc space. A candidate sequence 

on M is a non-decreasing sequence (hk) of functions from M to [0, oo) such that 
limfc hk exists and is bounded. We assume by convention that ho = 0. Given two 
candidate sequences H — {hk) and T = (fk) defined on the same space, we say 
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that Ti uniformly dominates written 7i > T, li for each e > 0, and for each 
k, there exists ^, such that fkl£hi + e. Tlie candidate sequences Ti and J- are 
uniformly equivalent, written Ti, = if H > J- and > 7i. Note that uniform 
equivalence is, in fact, an equivalence relation. 

The uniform equivalence relation captures the manner in which sequences con- 
verge to their limit. For example, if two sequences converge uniformly to the same 
limit function, then they are uniformly equivalent. Also, if (hk) and (fk) are two 
candidate sequences on a compact metrizable space, then lim^ | — /fc| | = implies 
(hk) = ifk), but {hk) = ifk) does not necessarily imply limfc \ \hk - All = 0. 

Definition 2.7 ([12]). Let X be a compact metrizable space and T : X ^ X a 
continuous surjection. For any continuous function / : X — > [0,1], let Af be the 
partition of X x [0, 1] consisting of the set {{x, t) : f{x) > t} and its complement. If 
T = {/i, . . . , /„} is a finite collection of continuous functions fi : X ~> [0, 1], then 
let Aj^ = V"^]^^/. . Let {!Fk}k be an increasing sequence of finite sets of continuous 
functions from X to [0, 1] chosen so that the partitions Aj^^ separate points (such 
sequences exist [12] )• Let A be Lebesgue measure on [0, 1]. We define H^^'^{T) = 
{hk) to be the candidate sequence on M{X, T) given by hk{n) = h'^^^^{^ x A, Aj^^^). 

Definition 2.8 ([12]). Let {X,T) be a dynamical system. A candidate sequence 
n on M{X,T) is an entropy structure for iX,T) if H = ^^^"'^(T). We may 
also refer to the entire uniform equivalence class of candidate sequences containing 
^^"''(r) as the entropy structure of (X,T). 

Downarowicz showed that many of the known methods of computing or defining 
entropy can be adapted to become an entropy structure. For example, suppose 
{X,T) is a dynamical system with a refining sequence {Pk}k of finite Borel par- 
titions of X such that the boundaries of all partition elements have zero measure 
for all T- invariant measures. Then the sequence of functions (hk) defined for fi in 
M{X,T) by hk{n) = h^{fj,,Pk) is an entropy structure for {X,T). It may happen, 
though, that a particular system does not admit such a sequence of partitions (for 
example, if the system has an interval of fixed points). In such a case, we give 
another example of an entropy structure, known as the Katok entropy structure 

m- 

Definition 2.9 ([12])- For an ergodic measure fi in M{X,T), e> and < a < 1, 

let ^ 

h(^, e, a) = limsup — logmin{|i?| : ij.(\Jx£eB(x, n, e)) > a}, 
n n 

where B(x,n,e) is the {n,e) Bowen ball about the point x. For an invariant but 
non-ergodic measure ^, define h(fi, e, a) by harmonic extension. Then for any se- 
quence {ek}k tending to 0, the sequence of functions hk{^i) = /i(/x,efc,tT) is an 
entropy structure (for proof, see [12j if T is a homeomorphism and [8] if T is merely 
continuous). 

Notation 2.10. Let Ti = {hk) be a candidate sequence on and let tt : L ^ K . 
We write H o tt to denote the candidate sequence on L given by hk o tt. Also, if S 
is a subset of K , let T-L\s be the candidate sequence on S given by {hk\s)- 

Definition 2.11. Let 7i be a candidate sequence. The transfinite sequence 
associated to Ti, which we write as (u^), is defined by transfinite induction as 
follows. Let Tk = h — hk- Then 
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• let = 0; 

• if has been defined, let = limj; + r^; 

• if ujj has been defined for all /3 < a. where a is limit ordinal, then let 

= sup uV-. 

I3<a 

The sequence (u^) is non-decreasing in a and does not depend on the choice 
of representative of uniform equivalence class [12j . which allows us to make the 
following definition. 

Definition 2.12. Let {X,T) be a topological dynamical system. Then the trans- 
finite sequence associated to (X, T) is the sequence (u^^'^^), where H(T) IS an 
entropy structure for T. 

Note that for each a, the function is cither identically equal to +oo or it is 
u.s.c. into R (since a non-increasing limit of U.S. c. functions is u.s.c). The sequence 
{u^) is also sub-additive in the following sense. 

Proposition 2.13 ([9]). Let H he a candidate sequence on E. Then for any two 
ordinals a and P, 

If 7i is a candidate sequence, then by Theorem 3.3 in [4j, there exists a countable 
ordinal a such that = '"q+I! which then implies that ~ for all P > a. 

Definition 2.14. If 7i is a candidate sequence, then the least ordinal a such that 
= is called the order of accumulation of 7Y, which we write as ao(7Y). 

If (X, T) is a topological dynamical system, then the order of accumulation of 
entropy of (X, T), written aQ{X,T) or just ao(T), is defined as aQ[H{T)), where 
7i(T) is an entropy structure for T. 

To understand the meaning of the transfinite sequence and the order of accumu- 
lation of entropy of (X, T), we turn to the connection between symbolic extensions 
and entropy structure. 

Definition 2.15. Let {X^T) be a topological dynamical system. A symbolic ex- 
tension of (X, T) is a subshift (F, S) of a (two-sided) full shift on a finite alphabet, 
along with a continuous surjection -k :Y ^ X such that T o tt = n o S . 

Definition 2.16. If {Y,S) is a symbolic extension of {X,T) with factor map tt, 
then the extension entropy function, h'^^^. : M{X,T) — > [0, oo), is defined for fi 
in M{X,T) by 

^oxt(M) = s\rp{h{v) : tt^i = v}. 
The symbolic extension entropy function of a dynamical system (X, T) , /igox : 
M{X,T) [0, oo], is defined for fi in M{X,T) by 

hscx{f) — iiif{^oxt(M) • is the factor map of a symbolic extension of (X, T)}, 
and the residual entropy function, h^cs ■ M{X,T) [0, oo]. is defined as 

^ics ^scx ^■ 

If (X,T) does not admit symbolic extensions, we let /igox ^ oo and hi-^s = oo, by 
convention. 
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We think of a symbolic extension as a "lossless finite encoding" of the dynamical 
system (X, T) |12| . The symbolic extension entropy function quantifies at each 
measure the minimal amount of entropy that must be present in such an encoding. 

The study of symbolic extensions is related to entropy structures by the following 
remarkable result of Boyle and Downarowicz. 

Theorem 2.17 ([!]). Let (X,T) be a dynamical system with entropy structure TL. 
Then 

hscx = /i + ''ic(o(T)- 

Note that the conclusion of Theorem 12.171 could be restated as /ij-es — "^^gCH)- 
This theorem relates the notion of how entropy emerges on refining scales to the 
symbolic extensions of a system, showing that there is a deep connection between 
these topics. Using this connection, some progress has been made in understanding 
the symbolic extensions of certain classes of dynamical systems. For examples of 
these types of results, see [TJ Hil H [Til [H HI HI] • In Hght of Theorem [2l3 we 
observe that the order of accumulation of entropy measures over how many "layers" 
residual entropy accumulates in the system. 

2.5. Background lemmas. The following lemma (Lemma 12. 18p . which is proved 
in [2], will be used to compute the transfinite sequence associated to the systems 
that appear in Sections [3] - [Tj Although the entropy function h is a harmonic func- 
tion on the simplex of invariant measures, the functions arc not harmonic in 
general. Lemma 12.181 is useful because it nonetheless provides an integral represen- 
tation of the functions u^. A candidate sequence (hk) on a Choquet simplex such 
that each function hk is harmonic will be referred to as a harmonic candidate se- 
quence. Let K he a mctrizable Choquet simplex with E = eic{K). In the following 
lemma we identify J^{E) with the set G A^(A') : supp(/i) C E} in the natural 
way, where E denotes the closure of E in K. Also, if / is a measurable function 
defined on the measurable subset C of i^T and ^ is a measure on K, then f d/i 
is defined to be the integral with respect to fi of the function 

f{x), if X e C 

0, if x ^ C. 

Lemma 2.18 (Embedding Lemma [5]). Let K be a metrizable Choquet simplex 
with E = ex(A'). Suppose H. is a harmonic candidate sequence on K and there is 
a set F <Z E such that the sequence {{h — hk)\E\F}k converges uniformly to zero. 
Let C be a closed subset of K such that F C C, and let $ : A4{E) K be the 
restriction of the barycenter map. Then for all ordinals a and for all x in K , 

(2.1) u'^ix) = max j u'^^^ dti, 

and aoCH) < ao{Ti.\c)- In particular, if x is an extreme point of K contained in 
C, then u'^(x) = Uq '"^(a;) for all ordinals a. 

We end this section by stating some facts that will be used repeatedly in the 
following sections. Facts [^TTOl (l)-(4) are easily checked from the definitions, and 
Fact 12.191 f5). which is proved in [S], follows from the fact that the u.s.c. envelope 
of a concave function is concave and the limit of concave functions is concave. 

Fact 2.19. Let M, Mi, M2, and I'C be compact metrizable spaces. The for all 
ordinals 7, the following hold. 
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(1) If H is a candidate sequence on M and U is an open neighborhood of x in 
M, then ut^ix) = u^l^(a;). 

(2) Suppose that 7i is a candidate sequence on Mi and M2 C Mi. Then 

(3) Suppose that tt : M — > K is a continuous surjection, J- is a candidate 
sequence on K , and Ti = J- o tt . Then < u'^ o tt. 

(4) Suppose IT : M ^ K is continuous, surjective, and open (which is satisfied, 
in particular, if t: is a homeomorphism) , T is a candidate sequence on K, 
and Ti ^ J- o Ti . Then u?^ = u:^ o tt. 

(5) Suppose Ti. is a harmonic candidate sequence on a metrizable Choquet sim- 
plex M . Then is concave for all 7, and since u't^ is u.s.c, is also 
supharmonic. In particular, if {X, T) is a topological dynamical system, 
then there exists a harmonic entropy structure Ti{T) for T |12| . and there- 
fore u^^"^'' is concave and supharmonic for all 7. 

3. Principal extensions and towers 

Definition 3.1. Let {X,T) be a factor of {Y,S) with factor map tt. The system 
{Y, S) is a principal extension of {X, T) if /i^(7r/x) = h^{^i) for all ^ in M{Y, S). 

If {Y, S) is a principal extension of {X, T) , then we may refer to 5 as a prin- 
cipal extension of T. The following fact is a basic result in the theory of entropy 
structures. 

Fact 3.2 (|12j). If S is a principal extension of T with factor map tt and Ti.{T) is 
an entropy structure for T , then Ti.{T) o n is an entropy structure for S. 

Lemma 3.3. Let {X, f) he a topological dynamical system. Suppose there exists a 
compact subset C of M{X, f) such that for each ordinal 7 and each measure fi in 
M{XJ), 

(3.1) / 

Jc 

Let (Y, F) be a principal extension of {X, f) with factor map tt and induced map 
M[Y, F) —^ M{X, f) also denoted by tt. Suppose that ttI^-ijc") is a homeomorphism 
onto C. Then for each ordinal 7 and each measure v in AI{Y, F), 

<(^n^) = / u;'^''^''-^<-> dv. = 

J7r-i(C) 

Proof. Let TC{f) be an entropy structure for /, and let TL{F) = 7i(/)o7r, which is an 
entropy structure for F by Fact 13.21 By monotonicity f Fact [TTOl (2)), u'^^^\x) > 
u^ ^'^\x) for all X in 7r~^(C). Since 7r|^-i(p-) is a homeomorphism onto C, 

u^^ = it^^'^^''^ o TT (Fact [2T9] (4)). Combining these facts with Equation 

and the fact that u!^'"^^ is concave (Fact 12.191 (5)), we obtain that for all 
ordinals 7 and all i/ in M{Y, F), 



■(C) A-i(C) 



c 
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Since tt is continuous and surjective, u.y < u-y on (Fact [27T9l (3)). Combining 
the above inequalities, we obtain that u^'^^ = vH^^^^ o tt, and all of the above 
inequalities are equalities. This concludes the proof of the lemma. □ 

Now we turn our attention to simple towers. We begin with a definition. 

Definition 3.4. Let {X^T) be a topological dynamical system. Let n and p be 
natural numbers with p < n. Let Y = X x {0,...,n — 1}. We define a map 
5 : F — + y as follows. Let S{x, i) ~ {x,i + 1) for all x in X and i e {0, . . . , n — 1}. 
For each x in X, let S{x,n- 1) = {TP{x),0). We wiU refer to (Y, S) (or possibly 
just S) as an {n,p) tower over {X,T) (or possibly just T). 

Notation 3.5. Suppose {Y, S) is an {n,p) tower over {X,T). Let Yo ~ X x {0}, 
and note that Yq is invariant under S" . Let tti : M{Y,S) A/(Fo, <5'"|yo) be 
the map given by /x i— » /xIyq. Let 7:2 '■ Yq —^ X he projection onto X. With 1:2 
as the factor map, (Y, S"\yo) is a principal extension over {X,TP). Note that the 
maps TTi and on measures are affine homeomorphisms. Further, recall that if 
fj. is in M(Y,S), then the measure-preserving systems (5*,^) and {TP,tt2 o 7ri(/i)) 
are measure-theoretically isomorphic. Let tt^ : AI{Y,Tf) M{X,T) be the map 

Definition 3.6. If 5 is a tower over T with notation as above, then the map 
ip — o TT2 o TTi wiU bc rcfcrrcd to as the map associated to the tower S over 
T. 

Lemma 3.7. // {X,T) is a topological dynamical system with entropy structure 
7i{T), then p'H{T) o tts is an entropy structure for T'p , where tts : M(X, T^) — > 
M{X,T) IS defined by TT^i^i) = ^Er^o 

Proof. It is shown in [4j that every finite entropy dynamical system has a zero- 
dimensional principal extension. (In fact, [4] deals only with homeomorphisms, 
but the natural extension T of a continuous surjection T is a homcomorphism and 
a principal extension of T, and then applying [4] to T yields a zero-dimensional 
principal extension of T.) Applying this fact to (X,T), we fix a zero-dimensional 
principal extension {X' , T') of (X, T) with factor map tt. Then (X', [T'Y) is a zero- 
dimensional principal extension of {X, T^) with factor map tt. We let tts denote the 
averaging map from M{X' , [T'Y) to M{X' , T') as well as the averaging map from 
M{X,TP) to M{X,T). Note that tt o tts = tts o tt. Now let H{T) be an entropy 
structure for T and let 'H{T'p) be an entropy structure for . We prove the lemma 
by showing that TC{TP) is uniformly equivalent to pT-C{T) ott^. Since {X', T') is zero 
dimensional, there exists a refining sequence {Pk}k of clopen partitions of X' with 
diameters tending to 0. Let H{T') = (/if) and U{{T'Y) = {h^i^'^") be the entropy 
structures (for T' and {T'Y respectively) defined by this sequence of partitions, i.e. 

hl'ifJ') = h^'il^,Pk) a.ndhf^"{^i) = /i(^')''(m, P^). Then for any /i in M(X', (T')p), 
we have that h^^"'" (fi) h^'^'^" {fi, Pk) = ph^' {-K^ip), Pk) = phi' {Tr^ifi)) . Thus 
1-L{{T'Y) is uniformly equivalent to pTi.{T') o tt^. Since T' is a principal extension 
of T and (T'Y is a principal extension of T^, both with factor map tt, we have 
that H(T') = H(T) o TT and n{{T'Y) = n{TV) o tt. Combining these facts, we 
obtain that p'H{T) o tt o tts = Ti.(TP) o tt. Since n o tt^ ~ o we see that 
p7i(r)o7r307r = ?i(r^)o7r. Using this fact and the definition of uniform equivalence, 
we see that p'H{T) o tts = H{TP), which finishes the proof of the lemma. □ 



10 



KEVIN MCGOFF 



Lemma 3.8. If S is an {n,p) tower over T with associated map -0 and Ti.{T) is an 
entropy structure for T, then ^'H{T) o ijj is an entropy structure for S . 

Proof. We use Notation 13. 51 Note that the maps tti, 7r2 and tts arc each continuous 
and affine. For any entropy structure TL{S'^) of S*", we have that ^H{S"') o tti 
is an entropy structure for S (Theorem 5.0.3 (3) in [H])- If Ti-iT^) is an entropy 
structure for T^, then H{TP) o 7r2 is an entropy structure for 5" by Fact 13.21 since 
5" is a principal extension of with factor map 7r2 . By Lemma 13.71 we have that 
if W(T) is an entropy structure for T, then pTi.{T) o tts is an entropy structure for 
TP. Combining these facts, we obtain that if 7i(T) is an entropy structure for T, 
then ^Ti-lT) o ?/) is an entropy structure for S. □ 

Lemma 3.9. Let {Y, S) be an {n,p) tower over {X,T) with associated map : 
M(y, 5) M{X,T). Let {0,n}m be a sequence of periodic orbits of T . Let C{T) = 
^?^Ll^m>n{^J■e„^} ■ Suppose that each measure in C{T) is totally ergodic. Further 
suppose that for all fi in M{X,T) and all ordinals a, 

(3.2) u^'^^Hf,)=[ uT^^-'^'dV,. 

JC(T) 

Let be an enumeration of the S -periodic orbits in yJmOm x {0, . . . , n — 1}, and 

let C{S) = n„=iUf>„{/ief}. Then 

(1) each V in C{S) is totally ergodic; 

(2) ip maps C{S) homeomorphically onto C{T); 

(3) for all V in M{Y^ S) and all ordinals a 

u^^^\v) = / «:?(^)l-<^' dV. = PuT\i^ii.)). 
Jc{s) n 

Proof. We use Notation 13.51 Let /x be in C (T) . Since /i is invariant for T, it is 
also invariant for T^ and wc have 7r(/x) — fi. Further, fi is totally ergodic for T 
by hypothesis, and therefore fi is totally ergodic for T^. Hence fi is an extreme 
point in M{X,TP). If there were any other measure v in 7r^^(/i), then we would 
have fi = ^ X]fc=o ^'^^^j thus fj, would be a non-trivial convex combination of 
measures in M{X,TP), which would be a contradiction. Hence 7:^^{fi) = {/i}. 
Since tt2 o tti : AI{Y,S) — > AI{X,TP) is a homeomorphism, {tt2 o 7ri)^-'^(/i) consists 
of exactly one measure v. Since [S, v) is measure-theoretically isomorphic to (T^, /i) 
and jjL is totally ergodic with respect to T^, we have that v is totally ergodic with 
respect to S. Combining these facts, we obtain that ip^^{iT) consists of exactly one 
measure, which is totally ergodic for S. 

The fact that ip^^{fi) consists of exactly one measure for each /i in C{T) implies 
that V'~^(C(r)) = C{S) and that ip maps C(S') bijectively onto C{T). Since C{S) 
is compact and ■0 is continuous, we conclude that ip maps C{S) homeomorphically 
onto C{T), which proves (2). The fact that ip~^{ii) is totally ergodic for S implies 
that each i/ in C{S) is totally ergodic for S, proving (1). 

Now Lemma [3T8l implies that if Ti,{T) is an entropy structure for T, then ^'H{T) o 
ip is an entropy structure for S. Since iplciS) is a homeomorphism onto C{T), Fact 

lam] (4) implies that = ^u^^"^^'^'^' °^\c(S)- Using this fact, as weU as 
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Equation ()3.2|) and Facts [2TT9l (2). (3), and (5), we obtain that for any v in Af (F, S"), 

JCiT) Jc(S) 

Thus the above inequahties are aU equahties and the proof is complete. □ 

4. "Blow-and-sew" 

We now begin building towards the proof of Theorem 17.31 The main idea of 
the proof for dimensions 1 and 2 is that we may "blow-up" periodic points (to 
intervals in dimension 1 and to discs in dimension 2) and "sew in" more complicated 
dynamical behavior, and in the process we increase the order of accumulation in a 
controlled way. By iterating this procedure in a transfinite induction scheme, we 
obtain a proof of Theorem 17.31 in dimensions 1 and 2. The maps constructed in 
dimension 2 can then be used to build maps in higher dimensions. In this section we 
describe and analyze the operation of "blowing up" a sequence of periodic orbits and 
"sewing in" other maps. The basic idea of this construction appears in Appendix 
C of [5]. In this section, we assume d e {1, 2}. 

Notation 4.1. Let D be the closed unit disc in M'^. For a subset S of M^, let int(S') 
denote the interior of S, and let dS be the boundary of S. For r > and p in R"*, 
we let B{p,r) be the open ball of radius r centered at p. Given s > and a point 
p in M'*, let Ag p be the affine map of M'' given by As p{x) = sx + p. 

We consider maps in the following class. 

Definition 4.2. Define Cd to be the class of functions / : D — > D with the following 
properties: 

(1) / is a continuous surjection, and if d = 2, then / is a homeomorphism; 

(2) 'fU = Id; 

(3) htop(/) < oo. 

Definition 4.3. Let / : D ^ D be continuous. Let {6m}m be a sequence of periodic 
orbits for /, and let S ~ Um6„i- We say that / is ready for operation on S if 
the following conditions are satisfied, where Q ^ Uk>of^''{S): 

(1) for any u in r]'^=iUm>n{p-e^} , it holds that i^{Umdm) = 0; 

(2) the set Q is countable and Q C int(D); 

(3) for each point x in Q, the derivative Df^ is invertible, and if d = 2, then 
det Df j. > for each point x in Q. 

We remark that if d = 2, then in the above notation we have Q — S. To get 
non-zero orders of accumulation of entropy in dimension 1, wc must look outside 
the class of homeomorphisms because a homeomorphism of the circle or the unit 
interval has zero entropy, and therefore its order of accumulation of entropy is zero. 

4.1. The "blow-and-sew" construction. The following proposition carries out 
the "blow and sew" procedure. In the notation of the proposition, we think of the 
periodic orbits 9m as being "blown-up" into disjoint discs, with towers over the 
maps Xm being "sewn in" on the interiors of these discs. 

Proposition 4.4. Suppose: 
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• f is a function in d; 

• {Om}m is a sequence of periodic orbits for f , and f is ready for operation 
on UmOm; 

• {Xm}m(£N is a sequence of functions in Cd,; 

• for each natural number m, the sequence {O^P}i is a sequence of periodic 
orbits for Xm, o,rid Xm is ready for operation on U/ 9"^ ; 

• {Cm}mGN is a scqucncc of natural numbers satisfying 1 < < \9m\ for 
each m inN. 

• sup„ il^htop(Xm) < oo 

Let Q = Urn,kf~'^{9m), o,nd let {qk}k£ti be an enumeration of Q. Then there exist 
functions F : D —^ 1} and tt : D — > a sequence {Ki}°^Q of pairwise disjoint, 
compact subsets of D, and a sequence {4>m}meK of C°° diffeomorphisms, (f>m ■ 
D X {0, . . . , \9m \ ^ 1} ^ Km, such that the following hold, where Lk = '!r^^{{qk}) 
for each k: 

(1) F is in Cd; 

(2) TT is a factor map from (D, F) to (D, /); 

(3) ■n(Km) = Qrn, Lk is C°° diffeomorphic to D for each k, TT\o\{UkLk) ^■^ injec- 
tive, and Km C Uq^^Om int(ifc) for each m in N. 

(4) Ki is F-invariant for each i, Kq = D \ (U^j^ int(Lfe)), and UkdLk is F- 
invariant. 

(5) NW{F)C[jZoK,; 

(6) F\kq is a principal extension of f with factor map tt\ko, o.'^d, for v in 
M{Kq \ UkdLk, F), the map n is a measure theoretic isomorphism between 
the measure preserving systems {F^v) and (/, 7r(i^)). 

(7) (pm is a topological conjugacy between F\k^ and a {\Om\,S.m) tower over 
Xm, for each m inN. 

(8) n^^,Um>nM{K m,F) ^ {TT)-\n ^^,Um>n{l^0^}) C M{Ko \ UkdLk, F), 
andir maps n'^^iUm>nM{Km, F) homeomorphically onto n^]^Um>n{Me„}!' 

(9) F is ready for operation on U,n,e 4>m(0T ^ {0> • ■ • : I^jtiI ~ !})• 

Proof. Let /, {9m}mm, {XmjmGN, {0'l}m,t(i^, and {^,„}mGN be given as in the 
hypotheses. Let Q = Um,k>of~''{9m); and let Q = {gtlfegN be a enumeration of Q. 
The foUowing lemma blows up each of the points in Q into a disc. 

Lemma 4.5. Let Q be a countable set contained in the interior o/D. Then there 
exists a summable sequence {ek}keN of positive real numbers, a sequence {pk}keN 
such that B(pk, tk) is contained in int(D) for each k in N, and a function tt : D — > D 
such that 

(1) TT is continuous and surjective; 

(2) 7r~i({gfc}) = B{pk,ek) for each k; 

(3) '^\o\Uk B{pk gfc) homeomorphism onto its image, D\(5. 

Proof. Let Q = {qk} be as in the hypotheses. Consider M'^\{0} in polar coordinates: 
(r, 6) G (0, oo) X S'^-'^. For n in N and e > 0, consider the function R^^„ : R'^ ^ R'^ 
given by i?e,n(0) = and for (r, 0) in R'^ \ {0}, 

), ifr<^ 
RUr,0) = { (;^(r-^),0), if^<r<e 
'r,9), otherwise. 
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Let Se^n : M'* ^ R'' be given by S'e,„(0) = and Se^x) = RljA^) for x ^ 0. 
Now for p in R'^, let i?e,„,p : R'' R'' be defined by Re,„^p{x) = Re,n{x - p) + p. 
Also define Se,n,p : R'' — > R'^ to be Se,n,pix) = Se^„{x - p) + p. Note tliat Re,n,p 
is continuous on R'' and 5*6, n,p is continuous on R'' \ {p}. Also, 5e_„_p|Rd\{p-j. is a 
homeomorphism onto its image, with inverse given by Re,n,p\-g^d\j^^^~T^- Moreover, 
we have 

(i) d{R^^n,p{x),R^^n,p{y)) < -;^d{x,y)] 

(ii) d{x,Re^n,p{.x)) < e; 

(iii) d{x, Se,n,pix)) < e. 

Choose a sequence {nk\k of natural numbers such that Ofc^i > 0. Let 

C = Hfc^i nl-i ^"-^ n^s-ke the following recursive definitions. Let (5i > be 

such that dist(gi,c'D) > 5i. Let /i = Ss^,m,qi and gi = Rsi,ni,qi- If Sk, fk and gk 
are defined, choose Sk+i > such that 5k+i < dist{fk{qk+i),dI$L)g'j^^{{qi, . . . , qk})) 
and let fk+i = -S'5,+,,„,+,j,(,,^,) o and gk+i = .g^ o Rs,^,,n,+,,Mqk+i)- We also 
require that {Sk}k is summable. 

The properties (i)-(iii) above imply that for any ki < k2 

(a) d{g,,{x),g,M) < iUti l^)d{x,y); 

(b) d{gk,ix),gk2{x)) < Y.tLki ^k] 

(c) d{fM..fkA^))<Y!LkJk. 

For each fc, /fe is continuous on R'^\{(7i, . . . , qk} and gk is continuous on R'^. In fact, 
fk is a homeomorphism from R'*\{gi, . . . , gfe} to its image, and gk is its inverse. Note 
that the sequences {fk}k and {gfcjfc are uniformly Cauchy by properties (b) and 
(c) above. Therefore the pointwise limits f{x) = lim^ fk{x) and g(x) = lim^ gk{x) 
exist for all x in R'^. Since fk is continuous on R'' \ Q for all k. and since {fk}k 
is uniformly Cauchy, / is continuous on R'' \ Q. The fact that gk is continuous 
on R'' for each k and the sequence {gk}k is uniformly Cauchy implies that g is 
continuous. Using the fact that 5k+i < dist(/fc((7/c+i), d'O U gk^{{qi^ • . • , qk})) for 
each fc, we observe that /Isd = ffloD = Id and \ix is in ^^^({gfc}) where k < m, then 
= gm{x) for all n > m and therefore g{x) = gm[x). This last observation 
means that if gm{x) is in Q for any m, then is in Q. We now consider / and g 
restricted to D, and note that / and g act by the identity map on 9D. Also, each 
gk defines a continuous surjection and therefore g does as well. 

Let us check that for a; in B\(5, g(/(a;)) — x. Note that d{gk{fk{x)), g{fk{x) j) < 
Sj=fe ■ Letting k tend to infinity and using the continuity of g gives that 
difix)) = X. 

Finally we check that for x in g^'^{^ \ Q), f{g{x)) = a;. Let a; be in g^^{^ \ Q). 
Let e > 0. Choose K so large that X]fc>if ^fc < Since g{x) is not in Q, fx is 
continuous at g{x). Since fx is continuous at g{x), there exists 5 > such that 
d{y,g{x)) < S implies d{fK{y), fnigix))) < e/3. Then choose M > K such that 
<i{gM{x),g{x)) < S. Then 

d{x,f{gix)) < d{fM{gM{x)),fKigM{x)))+ 

+ d{fK{gM{x))jK{g{x))) + dUK{g{x))J{g{x))) 
<e/3 + e/3 + e/3 = e. 

Since e > was arbitrary, we have that x = f{g{x)). 
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Now let cfc = pfc = f{qk), and tt — g. Note that the conclusions of the lemma 
are satisfied by these choices. □ 

4.1.1. Setup. Now we proceed with the proof of Proposition 14.41 Choose {e^jj^-gN, 
{Pk}keN, and tt satisfying the assumptions and conclusions of Lemma 14.51 These 
objects will remain fixed throughout the rest of the proof. 

For the sake of notation, let Lk = B{pk, Cfc) and L = UkLk- Note that int(iy) = 
UkB{pk, Cfe). Also, for each k in N, we define the natural number j(k) as the unique 
solution to the equation f{qk) = Qj{k)- 

4.1.2. Construction of F. We now construct F : ID ^ D. For a; in D \ L, let 
(4.1) F{x) =t:-^ o f oTi{x). 

Since L = 7r~^ (Q) and Q is completely invariant for /, we have that if a; is in D \ L 
then F{x) is in B \ L. Note that F is continuous on ED \ L as it is a composition 
of continuous functions (recall that t^~^\js,\q is continuous by Lemma 14.51 (3)). We 
now show that the function F can be extended to a continuous map on D \ int(L) 
such that F{dB{pk,ek)) = dB{pj(^k),<^j{k))- 

Suppose d ~ 1 (the case d = 2 is treated below). Then dB{pk,ek) is just the 
two endpoints of an interval. Because Dfq^, is invertible, / is either orientation 
preserving or orientation reversing at qk- In either case, we extend F continuously 
at dB{pk,ek) so that F maps dB{pk,ek) bijectivcly to dB{pj^k),^j{k))- Now we 
extend F to the one-dimensional annulus {x : ^ek < \x ^ pk\ < Cfe} as follows. Let 
T+ : hi, -i] U [i, 1] ^ [-1, -i] U [i, 1] be given by T+{x) ^x+^ sin(27r|x|). 
Also, let = -a; + sin(27r|2;|). If D/g^ > 0, let tr = +, and if D/,^ < 0, let 
(7 = — . Then for x such that ■^ek < |a: — Pfc| < e^, let 

(4-2) F(x) = (^,^.,,„,^.,,,oT'^oyl7^i^J(x), 

where As,x is defined in Notation l4.1l We remark that the additional terms involv- 
ing sine in the functions and are introduced for technical convenience in 
proving Claim l4?T0l 

Now suppose d = 2. We have that detD/lg > 0, which implies that for each 
k, we may extend F continuously on dB{pk, £k) in the following way. There is 
an orientation preserving homeomorphism Tk of the unit circle such that for x in 
dB{pk,ek), we let F{x) = {A^^^^^^p^^^^ oTk o A~^^j^J{x). Recall that any orientation 
preserving homeomorphism of the unit circle to itself is homotopic to the identity. 
Let Hk : x S"^ be a homotopy such that H{^,-) = Id, Hk{l,-) ~ Tk, and 

H[t, •) is a homeomorphism for each t in [^,1]. Now we extend F to the annulus 
{x ■ icfc < \x — pk\ < Cfe} as follows. We consider the annulus centered at with 
inner radius ^ and outer radius 1 in polar coordinates: {{r,6) : r £ [^,1],9 G S^} C 
R2. For (r, 9) in this annulus, define J7fc(r, 6) ^ {r + -^ sin(27rr), Hk{r, 9)) . Now for 
a; in ID) with ^e^. < \x — Pk\ < e/c, let 

(4-3) ^^(x) = (A,^.,,„,^.^,,oC/,oA-i^J(x). 

Up to this point in the construction, we have defined F on D \ (JkB{pk, ^Cfe). 
Now let m be in N and suppose 9m = {qko, ■ ■ ■ ,qk^e^^_^}■ Let gk^e^^^_l : D ^ D 
be and let gki be the identity map on D for alH S {0, . . . , \9m \ — 2}. Making 
these choices for all m, we define gk for all k such that qk is in Um9m- For all k 
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such that Qk is not in UmOm, let gk be the identity map on D. Now for each fc in N 
and X in B{pk, ^e^), let 

(4-4) Fix)=A.,^^^^^^^^^^ogkoA-^lJ^ 
This concludes the construction of F. 

4.1.3. Properties of F. In this section we prove that F has properties (l)-(9) in 
Proposition 14.41 For the sake of notation, we make some definitions. Let A'o = 
E) \ int(i), as in the statement of the proposition. For each m in N, let Km ~ 
Liq^(ze,„B{pk, |efc)- The following claim follows directly from the construction of F. 

Claim 4.6 (Part of property (1)). is a continuous surjcction, and if d = 2, then 
_F is a homeomorphism. Also, F\go ~ Id. 

Claim 4.7 (Property (2)). tt is a factor map from (D, F) to (D, /). 

Proof. By Lemma 14.51 the map tt is continuous and surjective. For a; in D \ L, we 
have that tt{F{x)) ~ f{Tr{x)) by definition (Equation (|4.ip ). For x in B{pk,ek), 
we have that F{x) is in B{pj(^k)T^j(k)) by definition, and then 'n{F{x)) = qj(k) = 
f{qk) — fi^^i^))! using property (3) in Lcmma l4.5l □ 

Claim 4.8 (Property (3)). We have that Tr(Km) = dm for each m in N, Lk is C°° 
diffeomorphic to D, 7r|D\int(L) is injective, and Km C int(Uqj.G0„Lfe). 

Proof. Let 6^, ~ {^fei i ■ ■ • 1 9fee„ }■ Then by property (3) in Lemma [4.5[ we have 
7r{Km) = '^{'^qkee,„B{pk, ^ffe)) = S„i- The second assertion follows immediately 
from the fact that Lk = B(pk,ek), and the third assertion holds since Km = 
^QkeOmBipk, ^Cfe) C Uq^ee„,Lk. □ 
The following claim follows directly from the construction. 

Claim 4.9 (Property (4)). K.^ is F-invariant for each i in Z>o, Kq = D\int(L), and 
Ufcife is _F-invariant. 

Claim 4.10 (Property (5)). NW(F) C Ui^o-^^- 

Proof. If X is in B{pk, Cfc) for some k such that qk is not periodic, then x is wandering 
because qk is pre-periodic. Now consider the periodic orbit 6,„ . Recall that any 
point in (i, 1) is wandering for the map T{t) = t + sin(27rt — tt). According to 
Equations (|4.2[) and (|4.3p . the radial component of F restricted to Uq^.^g^B{pk, £k)\ 
B{pk, ^Efc) is conjugate to a tower over T. It follows that any x in Liq^^0^B{pk, efe)\ 
B{pk, ^Efc) is wandering, which means that NW(F) C (A'q) U ([J^ Km^ ■ O 

Claim 4.11 (Property (6)). F\kq is a principal extension of / with factor map tt\ko: 
and for ly in AI{Kq \ UkdLk, F), it holds that tt is a measure theoretic isomorphism 
between (F, i/) and (/, 7r(z^)). 

Proof. Let i/ be in M{Kq \ UkdLk, F). By conclusion (3) of Lemma the factor 
map TT is injective on Kq \ UfeLfe and therefore defines a measure theoretic isomor- 
phism between {F,^) and (/, 7r(i/)). An ergodic measure i' for F\ko that is not in 
M{Ko \ UkdLk, F) has v{UkdLk) = 1, and therefore /i^(i^) = 0. It follows that for 
every in M{Ko,F), we have {v) ~ h^{'K{v)). 

□ 
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Let 9m = {qk„, ■ • • , 9fe|s,„|_i} be a periodic orbit for / labeled such that ,f{qki) = 
Qki+i, where « + 1 is taken modulo |6',„|. Let (pm : D x {0,...,|6'm| — 1} ^ 
uIITo iefc.) be the map given by = Ai^^^ ^^^ (x). 

Claim 4.12 (Property (7)). F\k^ is topologically conjugate by the map (p„i to a 
{\0m\i£,m) tower over Xm, for each to in N. 



Proof. By Equation (|4.4p . for any m and any k such that qk is in 9,m F\ 



Ai^ . , r, V N ° fffc ° ^ 1 ^ • Then by the choice of g^, we have that F is topologically 
conjugate to a {\Om\,S.m) tower over Xnn with the conjugacy given by the map 
(hm- □ 



Claim 4.13 (Property (8)). Let Cq = n^^iUrn>nM{K„„ F) and also let C(/) = 

r^n=JX^^>Al^- Then Co = ^"H^^l/)) C A/(i^o \ Ufe9Lfc,F), and n maps Co 
homeomorphically onto C{f). 

Proof. Let {/imj. }f be a sequence of measures in M (D, F) tending to fi such that 
A'mf G M{K„ii,, F) for each Then the sequence {7r(/^,„^) = fJ,g^^}e converges to 
7r(/i) by the continuity of tt, which shows that Co C 7r^^(C(/)). 

Now let iJ. be in C{f), and let be in 7r~^(/i). By property (1) in the definition of 
the statement that / is ready for operation on Umdm (Definition l4.3p . /i(Um^m) = 0, 
and thus z^(i) = 0. Therefore ly S M{Kq \ UkdLk, F), and we have shown that 
Tr~^{C{f)) C M{Kq \ iJkdLk, F). Since TT\o\UkLk is a homcomorphism onto its 
image B \ Q, we also have that for any fi in C(/), the set tt"^ (^) consists of exactly 
one measure. 

Now let converge to /i in M(D, /). By the previous statement, there exists 
a measure v such that {v} = 7r~^(/i). Now choose any sequence of measures 
{i^mk}k such that j/mj. is in ti~^{^o^^ ) for each k. By the sequential compactness of 
M(]D), F), any subsequence {r„}„ of {vmk\k has a subsequence {Tnt}i that converges 
to some measure r. By continuity of tt, we have 7r(T) = /i. Since 7r~^(//) = {i^}, 
we see that t ~ u. Since this holds for any subsequence of {i'mk}k, it follows that 
{vmk}k converges to v. This argument shows that Co D 7r~^(C(/)), and therefore 
Co — 7r^-'^(C(/)) (since we showed the reverse inclusion at the beginning of this 
proof). Since tt is surjective, we also have that 7r(Co) ~ C{f). 

Now we have that 'r^\ca is a continuous bijective map from a compact space into 
a Hausdorff space. It follows that tt maps Cq homeomorphically onto its image 
C(/), which completes the proof. □ 

Claim 4.14 (Property (1)). F is in Cd- 



Proof. Claims 14. 10114.121 and the variational principle imply that 
htop(-F) = max[htop(/), sup ||^htop(Xm) 

^ m I t/m I 

The right-hand side of this equation is finite by hypothesis. Combining this fact 
with Claim we obtain that F is in Cd- □ 



Claim 4.15 (Property (9)). F is ready for operation on U,„,£ ^quee^ Ai^^^p^{9'^). 

Proof. First note that F is in Cd by Claim l4?T4l Also, we have that S ~ ^m,i Ugj.ge„ 
^ie^ Pki^T) is ^ countable collection of periodic points for F by Claim B?T^ Let Qi 
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be an enumeration of the periodic points orbits in S, and let C{F) = nj^]^U/£>„{/^ei}- 
Now we check that F satisfies the properties (l)-(3) in Definition [ 



Let v be in C{F). Let Co = n,^^iU™>„M(/^™, F). Note that C{F) C Co U 

(Um>iM{Km, F)^ . By ClaimHH wc have that Co C M {Kq \ UkdLk,F). Thus if 

v is in Co, then i^{L) ~ 0. Since U^Oi C Um>i^m C L, it foUows that z/(Ui8i) = 0, 
which proves property (1) in Definition l4.3l in the case that i' is in Co- Now suppose v 
is in M{K„i, F) for some m > 1. By Claim l4?T2l we have that F\k^ is topologically 
conjugate to a tower over Xm via the map </),„. Any sequence {Ojj. } such that {/^Oij. } 
converges to v must eventually lie in Km, and therefore i'{L)iQi) = because Xm 
is ready for operation on U^^™. 

To check that F satisfies property (2) in Definition 14.31 we note that Q — 
Ui,fci^~'^(6i) is countable and contained in int(D) because / and Xm satisfy these 
properties with their respective sequences of periodic points, {Om}m and {0^}i. 

To check Property (3) in Definition l4.31 we need to check that DF\x is continuous 
and invertible at each point x of Q and that detDFj^ > if d = 2. For each point 
X in Q there is an open set B{pk,ek) containing x on which F is either affine or 
conjugate by affine maps to a tower over Xm- Property (3) in Definition 14.31 is 
satisfied at a; if is affine on B{pk,^k)- If F is conjugate to a tower over Xm on 
B{pk,£k), then F satisfies property (3) of Definition 14.31 because Xm satisfies this 
property, which extends to simple towers. □ 

4.1.4. Conclusion of the proof of Proposition \4-4\ By Claims [4.6114. 14[ properties 
(l)-(9) are satisfied for F, tt, {A'^j^Q, and {0m}meN- This completes the proof of 
Proposition 14.41 □ 

4.2. Additional properties of the blown-up map. 

Definition 4.16. Let /, {OmjmeN, {Xm}meN, {0'T}rn,eeN, and {6n}meN be as in 
the hypotheses of PropositiongjH We define BC{f, {6*™}™, {xmjm, {^T)™/' i^mjm) 
to be the set of functions F in Cd such that there exists tt, {Ki}i, and {<j)rn}m as 
in the statement of Proposition 14.41 In these terms, Proposition 14.41 asserts that 

i3£(/, {Omjrn, {Xrn}ni, {0T}rn,i, {Cm}m) IS nOn-Cmpty. 

Lemma 4.17. Let F : D ^ D be a continuous surjection of a compact metric 
space. Suppose that NW(F) C U^qX^, where each Ki is compact, F{Ki) = Ki, 
and Ki = ^j^^iKj, where the sets {Kj}j^^ are compact and pairwise disjoint. Also, 
suppose that limimaxi<j<j. diam(i4r|) = 0. Then there exists an entropy structure 
ifk) for F with the following property: for each k, there exists I such that if i > I 
then fk\M(K,,F) = 0. 

Proof. Let [fk) be the Katok entropy structure (see Definition 12. 9p correspond- 
ing to a sequence {efcjfc of positive numbers that tends to 0. Let k be given. 
Since lim^ maxK^xj^ diam(_ft'^) ~ 0, there exists / such that i > I implies that 
diam(if^) < for all I < j < Ji- Then for i > / and ergodic /i such that supp(//) C 
Ki, we have that {ii,ek,<j) — because Ki is invariant and diam(A'^) < for 
1 < j < Ji. Since this holds for ergodic measures ^ with supp(/^) C Ki, it also 
holds for any invariant measure fi with supp(/x) C Ki because fk is harmonic, which 
completes the proof. □ 
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Lemma 4.18. Let F : D ^ D be a continuous surjection of a compact metric 
space. Suppose that NW(i^) C U^Qifi, where each Ki is compact, F[Ki) = Ki, 
and Ki = Uj^^Kf, where the sets {Kf}"^!^^ are compact and pairwise disjoint. 
Also, suppose that linii maxi<j<j. diam(iir^) = 0. For each i in Z>o fix a harmonic 
entropy structure Ti.' = (hi) for FIk^. 

Then there exists a harmonic entropy structure 'H{F) = (h^) such that h^^ji) = 
hK^) for jJL with supp(/i) C K^, and for every i in N, there is a non- decreasing 
function ii : Z>o Z>o with the following properties: 

(1) if fj, is in M{D,F) and supp(/i) C Ki, then h^{^) = for every k 
in Z>o. 

(2) for any k in N, there exists I in N such that £i{k) — for all i > F 

Proof. Let .F = (fk) be a harmonic entropy structure for F with the property that 
for every k there exists / such that if i > / then fk\M{Ki,F) = (such entropy 
structures exist by Lemma [4.17^ . Let > be a sequence tending to 0. Let i 
be in N. Since {fk\M{Ki,F)) and {h^) are both an entropy structures for F\Ki, we 
have that {fk\M{Ki,F)) ^^nd {h\) are uniformly equivalent. Using the definition of 
uniform equivalence (in particular the fact that {fk\M{Ki,F)) is uniformly dominated 
by {hi)), we define £i{k) = min{^ > : h} > fklxi — Sk} for each k in Z>o. 
By construction, £i is non-decreasing. For ergodic measures /i in M{Ki, F), let 
/if (/i) = /i^.(^)(/i). For ergodic in M{Kq,F), let /if (/i) /i°(/i)- 

Since every ergodic measure for F is in yJiM{Ki, F), we have defined /if for all 
ergodic measures. Define /if on all non-ergodic measures by harmonic extension, 
and let H(F) = (/if)- Note that since /i^.^j^,-) is harmonic, for fi in M{Ki,F), we 
have that /if (/^) — hy^i^~^{ii) (which shows that if (/if) is an entropy structure, 
then it satisfies property (1) by definition). By construction, Ti-iF) is harmonic. It 
remains to check that TLiF) is an entropy structure for F. 

We show that ?i(F) is uniformly equivalent to JF, which implies that Ti-iF) is 
an entropy structure for F. Since T and Ti-^F) are harmonic, we may restrict 
attention to ergodic measures. Fix k and e > 0, and choose k' > k large enough 
that 5k' < e. Then for every ergodic /i, we have that /i is in some M(Ki, F), and 
hk'M = K.(k')(l^) ^ ^'(^) ~ > fkiti) - e. Hence n{F) > T. Again, fix k and 
e > 0. Choose / such that fk\M(Ki,F) = for alH > J (such an / exists by the choice 
of the sequence {fk))- Then it follows from the definition of ii{k) that (.i{k) = for 
all i > / (showing property (2)). Using that {fk\M(Ki,F)) and [h\) are uniformly 
equivalent for each i < / (in particular, {fk\A[(Ki.F)) uniformly dominates {h\)), 
there exists ki such that fki\M(Ki.F) ^ ^£ (A;) ^ ^- Let k' = max(/co, ■ • ■ , kj). Any 
ergodic measure /i is in M{Ki,F) for some i. Let fi be ergodic in and contained 
in M{Ki,F). If I < /, then fk'{fi) > fkAl^) > /^^.(fc) (m) " e = ^^f (m) - £• If * > 
then fk'ifJ') = > — e = ''•f (fc)(M) ~ ^ — ^f (m) ~ Since these same bounds hold 
for all ergodic fi, we have that fk' > /if — e, and we have shown that J- uniformly 
dominates 'H{F). Then T and 'H{F) are uniformly equivalent, and we conclude that 
7i(F) is an entropy structure for F. This concludes the proof of the lemma. □ 

Proposition 4.19. Let f , {e„i},neN, {Xm}mGN, {6'^}m,£GN, {CmjmeN, F, TT, {Ki},, 

and {(/)m}m all be as in Proposition \4.4\ For each m in N, 

and let t/jm be the map associated to the tower Sm over Xrn (Definition \3. 6\) . For 
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each m in N, let Tl{xm) = (^fe") be a harmonic entropy structure for Xm, and let 
Ti-if) ~ (hi) be a harmonic entropy structure for f. Then there exists a harmonic 
entropy structure 'H{F) ~ {h^) for F such that 

(1) for pL with supp(/i) C Kq, /if (^) = ft.{(7r(^)); 

(2) for every m and k, there exists k' such that for each pi with supp(/i) C Km, 

(3) for every k there exists mo such that if m > ttiq and supp(/i) C Km, then 
hlipi) = 0. 

Proof By Fact [321 o tt) is an entropy structure for i^|A'o- By Lemma 13. 8[ 
(jl^/i^™ oipm) is an entropy structure for Sm- Since (f)m is a topological coiijugacy 
between and F\k^, we have that (jf^/i^"* o'f/'m ° (fc^)) is an entropy structure 
for F\k^- Then Lemma [4. 181 gives that these entropy structures can be combined 
to form an entropy structure for F satisfying properties (l)-(3). □ 

The following corollary is a consequence of Proposition 14.191 but one may also 
check it directly as in the proof of Claim l4T4l 

Corollary 4.20. Let f, {OmjmeK, {Xmjmen, {OT}m,eeN, and {^mjmm be as in the 
hypotheses of Proposition^^ Let F be in BC{f, {9m}m, {Xm}m, {^Tlm.^ {Cm}™)- 
Then 

htop(-F) = max(htop(/), sup — ^htop(Xm) ) 

^ m I Pm I ' 

The following lemma is used to compute the transfinite sequence associated to 
some of the systems in Scction[51 In this lemma we combine our lemma for principal 
extensions (Lemma 13. 3p and our lemma for towers (Lemma 13. 9p with our analysis 
of the "blow-and-sew" construction (Proposition 14. 4| ) to give a precise description 
of the measures and transfinite sequences of some maps constructed by the "blow- 
and-sew" operation. 

Lemma 4.21. Let f, {9m}m£ti, {Xm}meN, {6'r}m,^6N, {^mjm&h F, TT, {Ki}i, 

and {4>m}m oil be as in Proposition \4-4\ Let {Qk\k be an enumeration of the F- 
periodic orbits in \Jm,i(l)rn{OT ^ {0' • ■ • J^ml ~ !})• Let M = U^M{K„F), C{f) = 
n,T=iUm>n{/^e„}; C{xm) = H^^jUf >„{/^e™ }, and C{F) = n,f^iUA;>„{/Lte J. Sup- 
pose that 

(i) each pL in C{f) is totally ergodic for f ; 

(ii) for each fi in M(D, /) and each ordinal 7, 

(iii) each pL in C(xm) is totally ergodic for Xm', 

(iv) for each fi in M(D, Xm) and each ordinal 7, 

(v) either htop(i^|K„J tends to as m tends to infinity, or for each m > 1, 
MF\kJ = and htopiF\Kj = h^\'<^i^i)forfi m C{F) r\M{Km,F). 

Then 

(1) each measure v in C{F) is totally ergodic for F; 
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(2) -^-i(C(/))U (U™0„(V-i(C(x™)))); 

(3) TT maps C{F) Ci M{Kq, F) homeomorphically onto C{f); 

(4) 1pm ° (0m) "'^ maps C{F) D M{K„n F) homeomorphically onto C{xm)- 

(5) for all X in M and all ordinals 7, 

<(^'l-(2;) < / li^^^^l^'"' dV,. 

JC(F) 

Proof. Let v be in C{F). Since n,^^iU„>„M(X™, F) C M{Kq,F) (conclusion (8) 
in Proposition 14. 4p . we have that v is in M{Ki, F) for some j. 

Suppose v is in A/(i^o, J^)- Then v is in Af (iCo \ UkdLk, F) and 7r(zy) is in C(/) 
by conchision (8) in Proposition 14.41 By conclusion (6) in Proposition [441 we have 
that TT gives a measure preserving isomorphism between v and 7r(z^). The fact that 
I' is totally ergodic now follows from the hypothesis that 71(1^) is totally ergodic 
(since it is in C(/)). 

Now suppose that i' is in M{K,n, F) for some m in N. By conclusion (7) in Propo- 
sition the map is a topological conjugacy between F\k^ and a (l^mliCm) 
tower over Xm- By Lemma [531 {4>m^){i^) is totally ergodic, and therefore v is totally 
ergodic, proving (1). 

Property (3) is contained in conclusion (8) of Proposition 14.41 Using that 0^ is 
a topological conjugacy between F\k^ and a tower over Xm, we obtain property 
(4) from Lemma [379l (2). Then property (2) follows from properties (3) and (4) the 
fact that C(F) = U^>oM{K„ F) n C(F). 

Now we prove (5). First note that for m > 1, M{K„nF) is open in A/, since 
n^=iU„>„M(i4:™, F) C M{Kq,F) (conclusion (8) in Proposition [331) . Then Fact 

^M{1) implies that for aU x in M{Krn,F), w^^^"^'(a;) = w^'^"'''''''" '"' (x). Fur- 
thermore, Lemma 13.91 (2) and monotonicity (Fact 12.191 (2)) give that for x in 
MiKm,F), 

(4.5) ?x^'''""<^"-^'(x) = / u^^^^^^'^'"^"''"-^' dV^ 

JC(F)nM(K„^,F) 

(4.6) < / 7/^^''"^<"' dP„ 

Jc(F) 

which gives the desired inequality for all x in Um>iAf (A"m, ^")- 

Next, note that M{Ko, F) \ C{F) is open in M (by Proposition [331 (8)). Then 

Fact[2lT9l(l) gives that for aU x in M{Ko,F), u^''^^^" (x) = m^^^^''''*'^"'^' (x). By 
Lemma [331 and Fact [2l9l f2). we obtain that for all x in M{Ko, F) \ C{F), 

T^(F)\m(Kq,,f) , \ I '^(-P)lc(F)nM(Kn.F) jrn 

Jc{F)nM{Ko,F) 

Jc(F) 

which gives the desired inequality for all x in M{Kq, F) \ C{F). 

Lastly, we show (5) for all x in C{F) D M{Ko,F) using transfinite induction. 
Note that C{F) n M {Ka, F) C M^rgi^, F), and therefore is just the point mass 
at X. Thus for x in C{F) n M{Ko,F) property (5) is equivalent to u^^-^^'""(x) < 

w^'^""^*^' (x). Property (5) holds trivially for 7 = 0. Now suppose for the sake of 
induction it holds for an ordinal 7, and we show it holds for 7 + 1. For the sake of 
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notation, let A/, = M{Ki,F) \ C{F). Let x be in C{F) n M{Ko,F). Then using 
the induction hypothesis and our computation of the transfinite sequence for y in 
M\iC{F)nM{Ko,F)), 



hmsup(w?^(^)l" +Tfc)(2/) 

y — ^x 

yeM 

= maxfhmsup(u!^(-^)l'-^ +Tfe)(y), hmsup(it^^(^)l*^ + Tfc)(y), 

\ y — >x y — *x 

y&C{F) yeMo 



hmsup +rfc)(2/) 

y — ^x 

< niax('hmsup(u^*""'^'"^*^' +Tk){y), linisup(w^'"'^'''^^'"^"'"^' +Tk){y), 

V y — >x y — ^x 

yeC{F) yeMo 

hm sup (Uj +Tk) [y,nt ) 

y^i,eM^i 

Letting k tend to infinity in the above expressions gives that 
(4.7) 

(a;) < max(^w^+i '■'{x),u^^-^ (x), 

(4-8) hmsup w^' (y^J + htop(-F|K„, ))■ 

ymi^x J 



We would like to show that the expression in the right-hand side of Equation (|4.7p - 

(|4.8[) is less than or equal to w^+i (x), and we prove this bound by analyzing 
each expression in the maximum individually. The bound is trivial for the first 
expression. By Lemma 13.31 (applied to F\k^^ which is a principal extension of /, 
with C(/) in place of C), we have that for x in M{Ko, F), 

(4.9) w^jf (x) = / u^lf ^'"'""^<"-"' dT',. 

Jc(F)nM{Ko,F) 

Since C{F) C Morg(ID), F), the measure Vx is the point mass at x for any x in C{F). 
Combining this fact with Equation 14. 9l and then using Fact 12.191 (2) gives that 

'H-{F)\m{Ko,f) I N 'H{F)\c{F)nM{Ko,F) , \ ^ 'K{F)\c{f) i \ 

which gives the desired bound on the second expression in the maximum in Equation 

63)- (EH). 

We bound the third expression in the maximum in Equation (|4.7p - (|4.8p as 
follows. By hypothesis (v), either htop(i^|if„) tends to as m tends to infin- 
ity or for each m, ao(i^A-„) = and htop(-F|if„) — ^^(m) foi' in C{Km,F). 
First suppose that htop(i^|i<'„) tends to 0. Let {ymi}e be any sequence tend- 
ing to X such that ymi G M{Km(, F) for each £. Equation (|4.5p implies that 

11 'H{F)\m(k^ F).. 11 'W(-F)lc(F)nj\/(/<„ F),, 1 o- ■^(-P)lc(F)njv/(jf„ F) . 

\\u-y II = llM-y II tor each i. bmce is 

'^{^)\c (F)nI\I (K F) 

U.S.C., there exists in C{F)r]M{Krni, F) such that u-y (p^nn) — 



'H{F)\c^F)nM(Km.i,F) I 



for each ^ in N. Furthermore, {fJ,mt}e tends to x because 
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{ymi,}e tends to x. Then 
hmsupw^ (y„J + htop(F|K„ ) < ImisupuT, (^„J 



< linisupM^''"^^'^''''(^„iJ 



It follows that 

(4.10) hmsup (ymj + htop(F|if„ ) < u , (a;)- 

Now suppose that for each to > 1, ao{F\K^) = and htop(-F|x„) = '^^(m) for i^i 
C(i^) n Af(ii:™, i^)- Since ao(F|K„) = 0, we have that w^^^^'"'''''"''"' = for each 
TO > 1. Let {ymi}e be a sequence tending to a; such that is in M{K,ne, F) for 
each ^. Let be in C(F) n M{KmnF), for each ^. Note that {^imAi tends to 
X because {ymt}e tends to x. By Proposition 14. 191 (3), for each k, we may assume 
there exists a natural number too such that for to > too, it holds that hk{fJ-m) = 0, 
which implies that Tk{fJ,m) = h^il^-m)- Then 

limsupu^ ^ ^'"'''^'"^"^'(ymj + htop(-F|i<:„J limsuphtop(-F|if„J 

= limsup/i'^(/XmJ = limlimsuprfc(/^mj < w^'"'^"^*''' (z) < w^'I'f (x). 

We have shown that in either case given by hypothesis (v), the third expression in 
the maximum in Equation (j4.7l) - (|4.8p is bounded above by u^^i (x), as desired. 

Thus we have shown that (.t) < li^^^'*''^*^' (x), which finishes the successor 

case of our induction. 

For the limit case, let 7 be a limit ordinal and suppose property (5) holds for 
all /3 < 7. Taking the limit supremum over the three sets C{F), M{Kn, F) \ C{F), 
and \Jra>iM{Km,F) in the definition of u^;'' '^'''{x), we obtain 

(4.11) " 

<(^'l-(x)<maxL^^^'l-<-'(x), v:i^^^^'"^''^-^\x), limsup u^'^'^^'^^''^-"' (y™,)V 

By the same arguments as in the successor case, we bound the three expressions in 

the maximum in Equation (|4.11p from above by '^^^^(x), which shows that 

""'{x) < Uj ^ ^'^'-^'(a;). This finishes our induction, and thus we have verified 
property (5). □ 

Lemma 4.22. Suppose {X, F) is a topological dynamical system with entropy 
structure TL{F). Suppose there exist closed sets C and M in M{X,F) such that 
C C Mf,rg{X, F) C M and for all x in M and all ordinals 7, 

Jc 



Then for all x in M{X,F) and all ordinals 7, 

^«(^)(x) = / dV,. 
Jc 
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Proof. Since M is closed and contains Aforg(^, F), the Embedding Lemma (Lemma 
I2.18P implies that for all x in M{X, F) and all ordinals 7, 

max / T.^'t^)!" d/i, 

where $ : A1(A'/) M{X,F) is the restriction of the barycenter map (which is 
onto since Merg(X, F) C M). By Fact[2lli(2) and the fact that Vx G '^''^{x), 

max / d/x > max / m!''^)!^ d/x 

JC 

For each ordinal 7, let g-y : M(X, F) — > [0, 00) be defined by 

rur^i^(x), if. EC 

1^ 0, otherwise. 

Note that since C is closed and u^^^-"^ is u.s.c. and non-negative on C, we have 
that is u.s.c. on M{X,F). Also, is convex for each 7 since it takes positive 
values only on extreme points (using that C C Merg(X, F)). Fact 2.5 in [13] (proved 
in [9]) states that the harmonic extension of a non-negative, convex, u.s.c. function 
is u.s.c. and of course harmonic. Applying this fact to g-y, we obtain that the 
function g};""' : M{X,F) [0,oo) defined by 



g^^'^ix) ^ j g^ dV, = dVx 



is harmonic and u.s.c. Then for any /i in $ since g^'" is harmonic and ji is 

supported on M, we have that 

5i;"(^)=5^"'(bar(/i))= / 5!;- d/x. 

JM 

By hypothesis, we have 

Combining all of these facts, we see that for x in M{X, F), 

= max / dfi 



< max / / u!'^^'!^ dPr d^ir) 
lJ-&^-^{x) Jm Jc 



= max / gi;^'' du. 
^'e<S'-Hx)JM' ^ 

Thus the above inequalities are actually equalities, and we have proved the lemma. 

□ 
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5. Computation of some transfinite sequences 

Wc will be interested in the following subsets of Cd- 

Definition 5.1. Let a be a countable ordinal and a > 0. Let iS(a, d, a) be the class 
of functions / in Cd such that there exists a sequence of periodic orbits {^,n}mGN of 
/ such that the following conditions are satisfied, where C[f) = n^^jUm>Ar{/i6/„ }: 

(1) / is ready for operation on Um^m; 

(2) for every fi in C{f), ^ is totally ergodic; 

(3) if Q = 0, then C(/) = {i'}, where v is the unique measure of maximal 
entropy for / 

(4) for all ordinals 7 and all points x in /), 

c{f) 

(5) ao(/) = a. 

(6) =a. 

Also, let S{a, d) = Ua>o <S(a, d, a). 

Notation 5.2. If {0„i}m is a sequence of periodic orbits for / satisfying the con- 
ditions in Definition 15.11 for /, then we write that / is in 5(a, d, a) with {0,n}m- 

Remark 5.3. For some pairs a and a > 0, the set S{a,d,a) is trivially empty. 
Indeed, if a = and a > 0, then iS(a, d, a) is empty. Also, if a > and a = 0, then 
5(a, d, a) is empty. On the other hand, in the course of proving Theorem 17.31 we 
will show that for every countable ordinal a > 0, and every a > 0, the set S{a, d, a) 
is non-empty. 

Lemma 5.4. Let p be a non-negative integer and a > 0. Suppose f , {Xm}m, 
{Crn}rn; o,nd {Nyn\,-a Satisfy the following conditions: 

• f is in S{p, d, jf^) with {^m}™; 

• \\u]^^^^\\ = ^^ fore=l,...,p; 

• for each m, N„i and are natural numbers and 1 < < \dm\'} 

• for each m, Xm is in 5(0, d) with {9™]i, and htop(Xm) log(A'^;TO- 

• the sequence log(A'^m)}?n is increasing to 

Then for any F in BC{f, {9„i}m, {Xm}m, {OY'}„i,e, {6n}m), F is in S{p + 1, d, a), 
htopl^") = max(htop(/),sup„ ||^htop(Xm)) , and ^ for each k in the 

set{l,...,p+l}. 

Proof. Let /, {xm}m, {fm}m, and {Nm}ra be as above. By Proposition g^l there 

exists F in BC{f,{9^^)m,{Xm}m,{^T}nl,i,{im}m) with TT, {Ki}'^Q, and {(/)m}m 

as in Proposition 14.41 Then F is in Cd and F is ready for operation on the set 
S = ^m,t 4>m{9"^ X {0, . . . , l^ml ^ !})• Let 0fc bc an enumeration of the periodic 
orbits in S. Let 

. C{F) = aT^ iUfc>„{A^eJ; 
. C{f) = n^^,U ^>n{tie^h 

• C(xm) = n^^iU^>„{/ie;.}; 

• for each i > 0, C(i^„ F) = C{F) n M(i4:„ F). 
To prove the lemma, we show the following: 
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(A) htop(i^) = max(htop(/),sup„ ||^htop(Xm)); 

(B) for each /i in C{F), ji is totally ergodic; 

(C) for each x in il/(D, F) and each ordinal 7, 



C(F) 



(D) ao(H(F))=p+l; 

(E) ||«I^(^)|| = -^for 



P+i 

Corollary 14. 201 gives (A). Lemma [4. 2 II (1) implies (B). Lemma [4. 211 (5) and Lemma 
mm together imply (C). 

Property (C) implies that ao{H{F)) < ao{n{F)\c(F)) and also that = 
\\Uf, ^''^'Ij. Since C{F) C Moi.g(]rj), F), the measure Vx is just the point mass at 

X, for aU X in C{F). With this fact, (C) implies that ^^^^^(x) = u^^^"""'"' (x) for 
all X in C{F). It follows that aQ{H{F)) > ao(7i(F)|(^(^-)), and we conclude that in 
fact Q!o(7i(F)) = Q;o(7i(f )|c'(_F))- Wc now observe that properties (D) and (E) will 
be satisfied once we show that a{'H{F)\c(^p^) = p+1 and || = for 

i = 1, . . . ,p+l. Let us prove these two facts by computing the transfinite sequence 
forH(F)|c(F). 

Note that for m > 1, C{K„„F) is open in C(F) (by Lemma Then Fact 

12.191 (1) and Lemma give that for all x in C{K,n, F), 

U-y (X) = rr, ) 



By the hypothesis that Xm is in 5(0, d), u!^'"^"^^ = for all ordinals 7, and thus 
^w(i=^)|c(A-„,F)^^^ = for all X in C{F) n M{K,n,F). 
For X in C{Ko, F), we have that for each k, 

limsuprfc(?/) = max( limsup Tfc(y), limsup Tk{y)) 
y ^ y — y — ^ 

y<£C{Ko,F) y£C{F)\C{Ko,F) 

< maxf limsup Tfc(i/), limsup -|^htop(Xm)) • 

Letting fc tend to infinity and using Lcmma [3.3l fapplicd to F\j^^, which is a principal 
extension of / with factor map tt) gives that 

(5.1) ^)l-(-) (^) < niaxfrif ^'^^l^'"-^' (x), limsup ^h.^^ixm)) 



(5.2) = max(ii^*-'''(7r(x)), limsup —^htop(x,n))- 

By hypothesis, ^■'^^H = ^ and lim„ ■|^htop(Xm) = Then by Equations 

and dOI), we obtain u^^^^'"'*''' (x) < Since x is in C{Ko,F), there exist 
periodic orbits such that the sequence converges to 7r(x). Let /^m^ be 

the measure of maximal entropy for F\k^ , which exists by the fact that Xnik is in 
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S{0,d) (property (3) in Definition I5.1|l . Then {^.mk}k converges to x, and by the 
upper semi-continuity of and Proposition 14.191 f3). wc have that 

^^(■P)lc(F) ^^-j > limlimsup(/i"'^ — hf){firnk) = hm lim sup /i"'^ (/^m^. ) 



k 



= Urn sup |^"''| htop(XmJ = 



\0mS P+l 

This argument shows that for all x in C{Ko, F), it holds that u^*'^^''^'''' (.t) = 

Now we claim that by induction on u^^^^''^''^' (x) = + u^'f (a;) for a; 

in C{Kq, F). The claim holds for £ = 1. Assuming it holds for a natural number £, 
we have for x in C{Ko, F), 

limsup(«f^^l^<"'+rfe)(y) = 



maxf hmsup K''(^)l^<"'+rfc)(y), limsup (^f ^^l^'-) + rfc)(y)) 

y(iC(Ko.F) y£C(F)\C(Ko,F) 

( limsup (—^ + u^^f^'"'"'''''"' + rfc)(2/), limsup Tk{y)) , 



= max 



y^x p + i y- 
yeC{Ko.F) yeC(F)\C{Ko,F) 



where the second equality follows from the induction hypothesis on £ and the fact 
that c{Krn,F) ^ for m > 1. Letting k tend to infinity gives that 

.r,T^I-'(.)=max(-^+.r^l-o..>(,),_^) 



p+l 



By Lemma[Xl we have y^^^'l^t^'o-^) (j.) = u^'^^\ti{x)) for aU x in C{K(i, F). Now 
the facts aQ{'H{F)\c(F)) =P+1 and | 1 1 = ^ for ^ 1,. .. follow 

from the hypotheses on / (in particular, ao(7i(/)) = p and = for 

^ = 1, . . . This concludes the proof of the lemma. □ 

Lemma 5.5. Let P = or /3 = cj^'i H h w''*, where (3i > ■ ■ ■ > Let a > I 

be an irreducible ordinal such that a > w'^^ if (3 ^ i). Let a > and b > 0. Suppose 

• {ckm}m *s a non- decreasing sequence of ordinals whose limit is a; 

• {Sm}m is a strictly increasing sequence of ordinals whose limit is a; 
{o-m}m is a sequence of positive real numbers tending to infinity; 
f is in S{l3,d,b) with {6',„},„; 



• for each m, satisfies 1 < < |^m|; cmd the sequence {||^am}m *s 
increasing to a; 

• Xni is in S{am,d,a,n) with {Og'-ji; 

• il^htop(Xm) tends to 0; 
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Then for any F in {6',„}m, {xm}m, {6*™}™/, {Cm}m), F is in S{a+ (3, d, a+b) 

and for any ordinal 7, 



(53) ||w^^^'|| = <i ''"*''V""^ ll. sup„ if-f<a 




i/7 = a + 7o. 

Furthermore, if [3 — Q, then for any 5 < a and < e < a, there exists toq such that 
for any F in BC{f, {d„i+mo }m), 11% II < e- 

Proof. Let /, {9m}m, {Xm}m, {OT}m,i, and {^m}rn- By Proposition 133 there 
exists F in BC{f ,{em]m,{Xm}m,{6T}ni,t,{^m}m) witli TT, {A'ilgp, and {0™}™ 
as in Proposition 14.41 Then F is in Cd and F is ready for operation on the set 
S = ^m,t 4>m{S"^ X {0, . . . , \0„i\ — 1}). Let Qk be an enumeration of the periodic 
orbits in S. Let 



C(F) = aT^ iUfc>„{A^eJ; 
C(/) = n- iU™>„{/.e,„}; 



. C(xrn) = njf^iU,>„{/ie™}; 

• for each i > 0, C{K„ F) = C{F) n M{K,, F). 

To prove the lemma, we will show the following: 

(A) htop(-F) = max(htop(/),sup,„ ||^htop(Xm)); 

(B) for each /i in C{F), ji is totally ergodic; 

(C) for each x in A/(]D), F) and each ordinal 7, 

u^^^\x)= [ uT^^^^^' dV.; 

JC(F) 

(D) ao(H(F)) =a + /3; 

(E) for any ordinal 7, Equation (|5.3|1 holds. 

(F) if /? = 0, then for any 5 < a and < e < a, there exists toq such that for any 

F in BC{f, {^m+rnolm, {Xm+mo}m, {^"^"'"Im/, {6n+mo}m)7 ll^a^'^^ll — ^• 

Corollary 14. 201 gives (A). Lemma[423] (1) implies (B). Lemma [4. 211 f5) and Lemma 
together imply (C). 

Suppose that (3 ~ Q and that 5 < a and < e < a are given. Choose toq 
such that for all m > mo, 5m > 5 and jf^HuJ^^'^^'ll < e (such mp exists by the 

hypotheses that 5m tends to a and j|^|Kt5^^'^'"''|| tends to 0). Then property (F) 
follows from property (E). It remains to show properties (D) and (E). 

Property (C) implies that ao(H(F)) < ao{H{F)\c(F)) and that ||u^*^^|| 
I'^fc "^'^'||. Since C{F) C Mcrg{^, F), the measure Vx is just the point mass at 
x, for all X in C{F). Combining this fact with property (C) implies that u-y (x) = 



W(^')|C(F) 



7 



(x) for all X in C{F). It follows that ao{n{F)) > ao{n{F)\c(F)) and 
therefore that ao{'H{F)) = ao{'H{F)\c(F))- We now observe that properties (D) 
and (E) will be satisfied if we show that a{'H{F)\c(^p'j) = a + /3 and for all ordinals 
7, Equation (|5.3p holds with H{F) replaced by 'H{F)\c{f)- Below we prove these 
two facts by computing the transfinite sequence for Ti{F)\(j^p-j, which will complete 
the proof. 
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Note that for m > 1, the set C'{Km,F) is open m C{F) by Lemma |4?2T] Then 
Fact [21^ (1) and Lemma [SH give that for all x in C{Km,F), 



(5.4) 
(5.5) 



ix) 



\x) 



Cm „,'W(Xm)lc(xm) 



(^,„((0-l)(a:))). 



We show by transfinite induction that for 7 < a and x in C {Kq ,F), we have 
u-y ^^"^ (x) = u.y '^^'^o.n ^2;). The statement is trivially true for 7 = 0. Suppose 
it holds for 7 < a. Then by the inductive hypothesis and Equation (j5.4p . for x in 

C{K^.F), 



limsup(u^^^^'^**^' + Tfc)(y) = max( limsup (m^^"'^^''^'^' + Tfc)(y), 



y—^x ^ y 

yeC(Ko.F) 



limsup (u;^(^)l^<-'+rfc)(2/) 

yGC{F)\CiKo,F) 

< maxT limsup (u^^^"*'^'^"'^' + Tfc)(y), 

V y — *x 
yeC(Ko,F) 

hmsuplllt^ ' " 'II + i^htop(Xm) 
m I "tji I ^ 



Note that there exists mo such that 5^ > 7 for all m > mo, which implies that 
obtain 



^(-P)lc(/f„,F) ^ ^^(-P')lc(ir„,i-) ^ large m. Then letting k tend to infinity, we 



'(x) < max (■ti^_^i '(a;),limsup||u_5^^ ' || + tt— |htop(Xm) , 

^ m I fm. I ' 

( '^(-F')lc(R'o.F) / \ 1. Cm II 'H(Xm)ll I Cm u /' \ 

= max(u '(a;),hmsup— — ||m. II + 77— rhtop(Xm) 

^ m |fm| Ifml 

= max(«;'|fl^<^^-^'(x),0' 



using the hypotheses that jgjllu^^'^'" || tends to and ||^htop(Xm) tends to 0. 

By Fact[131](2), w^jf (x) < u^jf ''<^' (z), and thus we conclude that 

if^+i''"'^'^' (a;) = w^_^"f (cc), which finishes the inductive step for successors. 

Now suppose that (x) = w^^^"''*'""'''' (x) holds for aU x in C{Ko,F) 

and all /3 < 7, where 7 is a limit ordinal such that 7 < a. Recall that for m 
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sufficiently large, dm > 7- Then by the induction hypothesis, for each x in C{Ko, F), 
im sup sup 1 

y^x /3<7 



(X) = Imi sup sup Up [y) 



= maxi limsup sup ^ '(y), hmsup sup ^ \V)] 

yeC{Ka.F) y(^C{F)\C(Ko,F) 

( V n(F)\c(Ka,F) , . ,. n{F)\c(F), ^\ 

c( limsup sup " (yji limsup {V)) 



max 



y^x y~tx 
yeC{Ko,F) y€C{F)\C{Ko,F) 

< maxfw^^"^'"'^'"'^''""^'' (x), limsup ^™ | \u^^^" 

^ rn I "m \ 



max u. 



By Fact[2lll(2), (x) < w^''^"''''"' (x), and we conclude that in fact 

^w(-F)|c(F) j-^-j _ y^(^)lc'<^o.*') ^2;)^ which finishes the inductive step for limit ordi- 
nals. We have shown that for all ordinals 7 < a, m^'""^'"^*''' (a;) = vl^^^ (cc) 
for all X in C{F). Now by Lemma [331 for x in C{Kq, F) and 7 < a, 

At this point we conclude based on the above facts that for 7 < a, 

||.^(^'l-<-'|Hmax(||<(/)||,sup|^||H«j-")||). 

Since a is irreducible and greater than 1, a is a limit ordinal. Thus for any x in 
C{Ko,F), 

w^^^^'^'"' {x) = limsup sup T/J'''"^'"' (y) 

< maxf limsup sup ut'^ (y), limsup | lu^^^"*'^'^"'^' H") 

yeC{Ka,F) 

( 1- 'K(-F')|c(R'n.F) / \ V Cm 

= max! limsup sup (yj, hmsup— — -a 

V y^x m 
aGC(/<-o,-F) 



< max I u. 



By hypothesis, | |uq 1 1 < a, and thus we have that Uq (x) < a. On 
the other hand, since x is in C{Ko,F), there exists a sequence of periodic orbits 
{^mfcjfe such that {^e^ }k converges to tt(x). If {fim^}k is a sequence of measures 
such that is in M{Km^, F) for each k, then converges to x, and we 

have 

^^^^''^'"'"'(x) >limsup||«:^^'^^''^'""'^-'|| =limsup|^||u:'^''-^H ^ 

A: k l&nik \ 

It follows that for each x in C{Kq, F), u^'""^'""^'^' (x) = a. 
We show by induction that for 7 > and x in C{Ko, F), 

(5.6) ' '(a;)=a + u^ {x). 
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Note that Equation (|5.6p holds for 7 = 0. Now suppose Equation (|5.6p holds for 
some ordinal 7. Then for all x in C{Kq, F), 

limsup(^.^|^^l^<"'+rfe)(y)=max( limsup + Tk){y), 

yeC(,Ko,F) 



limsup (u^|;)l-<-)+r,)(y)) 

y^x / 



yeC(F)\C(Ko.F) 



= max( limsup (a + u-^^^^'"^'^^"'^' + Tfe)(?/), 

V y — 'X 
yeC{Ko,F) 

limsup (u^^^^'^'"'-"'+T,)(y)). 

m— ^oo / 



m— >-oo 
y&CiK^,F) 



Taking the limit as k tends to infinity gives 

u^i^+V^^x) = maxfa + u^|f^''^''^'"'''(a;), a + limsup i^htoplxm! 



max 

This completes the inductive step for successor ordinals. Now suppose Equation 
(|5.6p holds for all 7 < /3, where /3 is a limit ordinal. Then for all x in C{Kq, F), 

'H{F)\ciF), X ,. H(F)\c^F), N 

(a;) = limsup sup [y) 

y-*x 7</3 



maxf limsup sup u^l^"*'^*^"'^' (j/), limsup | 



y^x 
y&C{Ko,F) 



( , 'H{F)\c^Ka,F) I X \ 

= maxla + u^ (a;j,al 

= a + (x), 

which completes the inductive step for limit ordinals. Combining Equation (j5.6p 
with Lemma |3.3[ we obtain that 



(5.7) u:^;^l-<-'(x)=a + <(/)(7r(x)). 

Then Equation (|5.3p follows immediately and the equality ao(^(-P')lc(i=")) = « + /? 
follows from the fact that ao{H{f)) = (3. This concludes the proof of the lemma. □ 

6. Constructions by transfinite induction 

The following lemma serves as a base case for the transfinite induction construc- 
tion in this section. Recall that for any countable ordinal a and any real number 
a > 0, the set S{a, d, a) was defined in Definition 15. II 

Lemma 6.1. For any odd natural number N > 3, there exists f in 5(0, d, 0) such 
that htop(/) = log(iV). 

Proof. In the case d = 1, let / be the linear A^-tent map on [0,1]. In the case 
d = 2, let / be an adaptation of Smale's A^-horseshoe map such that / : D — > D is 
a homeomorphism and f\do — Id. In either case, we have that / is a continuous 
surjection, /jao = Id, and htop(/) = log(A^) < 00, which implies that / is in Cd- 
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Recall that / has a unique measure of maximal entropy, which we denote as ^. 
Also, there exists a sequence {ne^}m of periodic measures tending to /i with UmOm 
contained in int(D). Fix such a sequence. Let Q = ^kf~^{Om)- Since / is A^-to-one 
when d = \ and / is injcctive when d = 2, we have that Q is countable. Since / has 
at most finitely many critical points, we assume without loss of generality that Q 
contains no critical points, and thus Dfx is invcrtiblc and continuous at x for all x in 
Q. Furthermore, wc have that if c? = 2, then dot Dfx > for x in Q. We have shown 
that / is ready for operation on U„i6',„. Now let C(/) = n^iU„i>„{0„i}. Since 
{(^m}m tends to /i, we have that C(/) = {/.*}. Also note that /i is totally ergodic. 
Recall that /i-expansiveness (Definition [2T4|) implies that any entropy structure (hk) 
converges uniformly to h, which is equivalent to Uq = and ao{f) = (see [4l[T2]). 
Since / is /i-expansive, we have that Ua = for all a and ao(/) = 0. Hence we 
have shown that / is in S{0, d,0). □ 

Lemma 6.2. Let c > log(3). Then for any p in N and a > 0, there exists F in 
Sip, d, a) such that htop(F) < max(c, ^) and Hu^^'^^H /or fc = 1, . . . ,p. 

Proof. The proof is by induction on p. Consider the case p = 1. By Lemma 
16.11 there exists / in S{0,d,0) with {9,n}m and htop(/) = log(3). Choose 
and Cm such that 1 < Cm < \dm\, N,n > 3, A^^ is odd, and {||^ log(A^,„)},„ 
increases to a. By Lemma |6.1[ there exists Xm in S{0,d,0) with {9™}e and 
htop(Xm) = log(A^m)- Then Proposition l4.4l implies that there exists a function F in 
i3£(/, {Om}m, {Xm}m, {dT}m,i, {Cm}m)- Lcmma [O] implies that F is in S{1, d, a). 
Also, htop(-F) = max(htop(/),sup^ ||^htop(Xm)) < max(c, a). 

Now assume the lemma holds for some p. By the induction hypothesis, let / be 
in 5(p,d,^) with {0,„},„ such that htop(/) < max(c, ^) and = ^ for 

k = 1, . . . ,p. Choose A^^ and Cm such that 1 < Cm < |^m|, A^m > 3, Nm is odd, and 
{jl^ log(Am)}m increases to By Lemma ISTTl there exists Xm in 5(0, d, 0) with 
{0™}^ and htop(Xm) = log(A^m)- Then Proposition 14.41 imphes that there exists a 
function F in BC{f, {0m}m, {Xm}m, {9T}rn..i, {Cm}m)- Lemma [O] implies that F is 
in S{p+l,d,a). Also, htop(i^) = max(htop(/), sup„ ||^htop(Xm)) < max(c, ^), 
and||u^(^)|| = ^forfc = l,...,p+l. □ 

Lemma 6.3. Let a > 1 be a countable, irreducible ordinal. Let C > 0. Suppose 
that for any ordinal 5 < a, and any real numbers e and a such that < e < a, there 
exists f in S{a, d, a) such that htop(/) < c and 

ii«r^ii<e. 

Then for any a > 0, and any natural number p > 1, there exists F in S{ap, d, a) 
.such that htop(-F') < c and 

\^ae = /or £ = 1, . . . ,p. 

p 

Proof. The proof proceeds by induction on p. We suppose it holds for p and show 
it holds for p + 1 . 

Let / be in S{ap, d, ■^^) with {Om,}m and satisfying the inductive hypotheses 
for p. Choose sequences {Sm}m; {Cm}m, and {am}m such that 

• {Sm}m is an increasing sequence of ordinals whose limit is a; 
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• {am}m is a sequence of positive real numbers tending to infinity; 

• for each to, S,m satisfies 1 < < \dm\, and the sequence {j|^am}m is 
increasing to — ^-r. 

Applying the hypothesis of the lemma, for each m in N, there exists Xm in 5(a, d, am) 
with such that htop(Xm) < c and | lu^^'^'"'' 1 1 < min(^^, ^). Note that since 

a„i tends to infinity and lim^ j|^a„i = the sequence {fl^} tends to 0. It fol- 
lows that the sequence {■i|^htop(Xm)}m tends to 0. We assume without loss of gen- 
erality that sup^{ j|^htop(Xm)}m < c (if this inequality is not satisfied, replace Xm 
by Xm+mo for sufficiently large toq). Also, the sequence { | Im^^'''^'"^ | |}m tends to 
0. Now by Proposition|43 there exists F in BC{f, {6*™}™, {xm}m, {6*"'}™/' {^m}m)- 
We have that htop(-F) = max(htop(/), sup„j |^htop(Xm)) < c. By Lemma[n31 F 
is in S{a + ap, d, + -^p^) ~ '5(a(p + 1), c?, a) and 

• for any j < a, = max(||M^^''^^||, sup^ II^t'^'^™''!!); 
. for7>0, + 



1t„ 



Then | |uq 1 1 = ; and the inductive hypotheses on / imply that , , ^^^^ , , — 
for ^ = 1, . . . ,p -I- 1. Thus F satisfies the induction hypotheses for p + 1, and by 
induction the lemma holds for all p. 

□ 

Lemma 6.4. Let a > 1 be a countable, irreducible ordinal. Let c > log(3). Then 
for all ordinals S < a and all real numbers e and a such that < e < a, there exists 
F in S{a, d, a) such that htop(i^) < c and 

\Ws II < e- 

Proof. The proof is by transfinite induction on the irreducible ordinals a > 1. For 
notation, we let a. ~ oj^ , and use transfinite induction on P > 1. 

Case (/? = 1). Let / be in 5(0, d) with {9m}m and htop(/) = log(3) (such a map / 
exists by Lemma l6.ip . Let a, e, and S be as in the statement of the lemma. Choose 
sequences {am}m and {£,m}m such that 

• {o-m}m tends to infinity; 

• is a natural number such that 1 < < I | ; 

• the sequence { j|^am }„i increases to a. 

By Lemma [6.2i there exists Xm in S{m, d, a,„) with {0"^}e and such that htop(Xm) ^ 
max(c, ^) and Hu^^^"'!! = for k — 1, . . . ,m. Note that since Om tends to 
infinity and {j|^am}m increases to a, we have that { ||^htop(Xm)}m tends to 
0. Thus we assume without loss of generality that sup„ j|^htop(Xm) < c (by 
replacing Xm with Xm+mo for sufficiently large toq if necessary). Let 6m = [log("^)], 
the integer part of log(m). Then we obtain that { ||^||m5^'^"'' | |}m tends to (since 



i™_||^'H(x™)|| _ C„a,„[log(m)] ^ a[log(m)] 



ii"5,„ II — \6 



< ° )• Proposition 14.41 there exists F in 

B£{f, {dm}m, {Xmjm, {OY^}m,i, {^rn}m)- Then by Lemma [Ml F is in S{uj,d,a). 
Also, htop(-F) = max(htop(/), sup„ ||^htop(Xm)) < c. Also, the final statement in 
Lemma EH] gives that for < e < a and 5 < a, there exists toq such that replacing 
Xm with Xm-i-mo produccs F such that II < £■ 
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Case (successor ordinal). Now suppose the lemma holds for the irreducible ordinal 
uj^. We show that it also holds for oj^'^^. Let / be in 5(0, d) with {9m}m and 
htop(/) = log(3). Choose sequences {a^jm, {Sm}, {a-mjm and {^,„}m such that 

• am = oJ^m; 

• Sm= w'^[log(m)]; 

• {omlm is a sequence of positive real numbers tending to infinity; 

• for each to, S,m satisfies 1 < < l^ml; and the sequence {j|^am}m is 
increasing to a. 

The inductive hypotheses imply that the hypotheses in Lemma 16.31 are satisfied for 
uj^ . Applying Lemma l6.3l for each m in N, we obtain that there exists Xm such that 

• Xm is in S{u)^m,d,am) with {6'™}^; 

• htop(Xm) < c; 

• |-7t'^^X^)|| „ a^[log(m)] 

Since {am}™ tends to infinity and {j|^a„i}m tends to a, tends to 0. 

Therefore {||^htop(Xm)}Tra tends to 0. Also, we have that {]|^||"5^'^'"''||}m 

tends to 0. We assume without loss of generality that sup„ jj^Hw^'''^'"''!! < 
e. Now let 5 < a and < e < a be arbitrary. There exists mg such that 
5m > S for all to > toq. Also, there exists toi such that "^'"f^™''^ < e for 
all TO > mi. Let TO2 — max(TOo,TOi). Replace Xm by Xm+m2- By Proposi- 
tion gjl there exists F in BC{f,{dm}m,{X7n}7n,{(^T}m.,i,{^ra}m)- We have that 
htop(^') = max(htop(/),sup,„ ||^htop(Xrn)) < c. Then Lemma [23] implies that F 
is in S{uj^~^^,d, a) and 

||.r'll=-ax(||.I^(^)||, sup I^II.I^^-^ll) =sup |^||u^-)||<e, 

^ m I "m I ^ m I "m | 

as desired. 

Case {f3 limit ordinal). Now suppose the lemma holds for all irreducible ordinals 
uj'' < uj^ , where /3 is a limit ordinal. We show that it also holds for uj^ . Let / 
be in 5(0, d) with {9m}m and htop(/) < c. Choose a sequence {am}m of positive 
real numbers tending to infinity and an increasing sequence of ordinals {(3m}m 
tending to (3. The inductive hypothesis implies that for each to, there exists 
Xni in 5(w'^™,(i, a„i) with {0"'}e such that htop(Xm) < c and || < ^. 

Now let 5 < uj^ and e > be arbitrary. There exists toq such that Sm > 5 
for all TO > toq. Also, there exists mi such that < e for all m > toi. Let 
TO2 = max(mo,TOi). Then replace Xm by Xm+m2- By Proposition 14. 4[ there ex- 
ists F in BC{f, {9m}7n, {Xm}m, {6]l^}m,,e, {^m}m)- By Corollary [42Q1 we have that 
htop(^') = max(htop(/),sup,„ ||^htop(Xm)) < c. Then Lemma [53] implies that F 
is in S{uj^ , d, a) and 

||.r^|Hmax(||.r^)||, sup l^ll.^'^-^ll) =sup ^A\u^^^-^\\ < e, 

as desired. 



□ 
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7. Proofs of the main results 



Theorem 7.1. Let d be in {1,2}. For every countable ordinal a > and any 
a > 0, there is a map F in S{a, d, a). 

Proof. Let a = u}^^ + • • • + uj^" , with /3i > • ■ • > /3„ . We argue by induction on 
n. If n = 1, then either Lemma [6.21 (if /3i — 0) or Lemma [6.41 (if (3i > 0) imphes 
that there exists F in S{a,d,a). Suppose the statement holds for n. We show 
that it holds for n + 1. If /3i = 0, then Lemma [6.21 implies that F exists with the 
desired properties. Now suppose /3i > 0. Let ai > oq > with ai + ao = a. By 
the induction hypothesis, there exists / in S{lu^^ + • • • + uj^" ,d,ao) with {9m}m- 
Choose sequences {am}m, {Sm}mi and {£,m}m such that 

• {<im}m is a sequence of positive numbers tending to infinity; 

• {Sm}m is an increasing sequence of ordinals tending to oj^'^; 

• 1 < Cm < 1^*771! and the sequence {il^amlm increases to a. 

Let c > log(3). Then for each to. Lemma 16.41 implies that there exists Xm in 
S{uj>^\d,am) with {6'7*}£ such that htop(Xm) < c and < Note that 

{ jl^htop(Xm)} tends to with these choices of parameters. By Proposition 14.41 

there exists F in BC{f, {9m}ni, {x'm}ni, {O'^'jm^e, {Cm}m)- By Lemma[n31 F is in 
S{u}^^ + uj^^ + • • • + w^" ,d,ai + ao) = S{a, d, a), which completes the induction and 
the proof. □ 

Corollary 7.2. Let a be a countable ordinal, let a > and let d be in N. Let D 

be the closed unit ball in . Then there exists a continuous surjection / : D — > D 
such that f\go = Id, ao{f ) = a, and ||uq, || = a. If d>2, then f can he chosen 
to he a homeomorphism. 

Proof. If d is 1 or 2, then Theorem 17.11 implies that there exists g in S{a,d,a), 
which satisfies the conclusion of the corollary. We remark that since D and [—1,1]'' 
are homeomorphic, the statement of the theorem is equivalent to the same state- 
ment with [—1,1]'' in place of B. Thus we may consider all maps defined on 
[— 1, 1]'' without loss of generality. The proof proceeds by induction on d. Sup- 
pose the corollary holds for some d > 2. Using this inductive hypothesis, choose a 
homeomorphism g : [-1,1]^^ [—1,1]'* such that g|a[_i.i]£i = Id, ao{g) = a, and 

llwa^^"*!! = a- Then there exists a homeomorphism / : [—1, 1]''+^ [—1, 1]''+^ such 
that = Id, /(x,0) = (ff(a;),0) for x in [-1,1]'*, and NW(/) C {(x,t) £ 

[-1, 1]'' X [-1, 1] -.t = 0}U9[-1, 1]''+^. Such a map / may be constructed as follows. 
Let 



V^{{xi,...,Xd,t) e [-1,1]'*+! : < (1 - for l<i<d}. 
Also, define T : [-1, 1] [-1, 1] by T{t) =t+^ sin(7rt). For x in ^[-1, 1]'*+^, let 
f{x) = X. For (x,t) in V (where x e [-1, 1]'*) such that \t\ < 1, let 



We have defined f on V U 9[-l,l]''+^ For any point p in [-1,1]'*+^ \ {V U 
d[—l, 1]'*+^), let £p denote the line in M''+^ passing through p and the origin. Let pi 
andp2 be the points such that {pi} = dVCiip and {^2} = d[—l, l]''^^n£p. Then let 
s in [0, 1] be such that p = spi + (1 — s)p2- Now define f{p) ~ sf{pi) + (1 — s)f{p2). 
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With this definition, / is a homeomorphism of [—1, 1]^^+^ (using that g\o[^i_i]d = Id). 
Furthermore, we have that /|a[-i.i]£i+i = Id, f{x, 0) = {g{x), 0) for x in [—1, 1]'', and 
NW(/) C {{x,t) e [-l,l]'*x [-1,1] : t = 0}ua[-l,l]''+i. Thenao(/) = ao{g) = a 
and In this way we have verified the inductive hypotheses 

for c? + 1, which finishes the proof of the coroUary. □ 

The foUowing theorem, which we view as our main result, answers a question of 
Todd Fisher. 

Theorem 7.3. Let a be a countable ordinal and let a > 0. Let M be a compact 
manifold. Then there exists a continuous surjection f : M M such that aa{f) = 
a and ||ua || = a. //dim(Af) > 2, then f can be chosen to be a homeomorphism. 

Proof. Let d dim(Af), and let D be the closed unit baU in M^. By CoroUary [L2 
there exists a continuous onto map g : ID — > D such that g\do = Id, cto{g) = a, 
||it^'"''''|| — a, and 5 is a homeomorphism if d > 2. We define a map G : B ^ D 
as follows. Let G\ „, 1 . = Ai ^ o g o ^2,0, where As.p is the affinc map on R'' 

given by As^p{x) = sx + p and is the origin. Now parametrize the annulus 
{x e R"^ : ^ < \x\ < 1} with polar coordinates {r,9) 6 [i,l] x 5*^ For (r,6') 

in [i,l] X S\ let G{r,9) = (r + sin(27rr), 61). Now G is in Cd and B{0, i) 
is an isolated set for G. Let (/) : D — > A/ be a homeomorphism onto its image 
(such a map exists since Af is a manifold). Define f : M ^ AI as follows. For 
x in 0(B), let f{x) = (/)(G((/)~i (x))). For x in M \ 0(B), let f{x) = x. Then 
NW{f) = 0(5(0, i)) U (Af \ 0(int(B))). Further, / is topologically conjugate to 
^\'b{oT) ^'{BiO, i)), and / is the identity on Af \ 0(int(£')). It follows that 
ao(/) = ao(G) = a„ig) = a and \\u'^^^^\\ = ||«^(^^|| = H^^^^^H ^ a. □ 
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